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1.Introduction: [2] in 1971. The abstraction of fuzzy subrings was
proposed by Liu [3]. Later, these notions were

In 1965, Zadeh [1] presented the theory of fuzzy
’ adeh [1] presented the theory of fuzzy discussed in [4,5,0]. Atanassov [7] initiated the

sets and discussed their initiatory results. The e i
. . . theory of intuitionistic fuzzy sets and established
action of fuzzy set theory is a decisive structure i i } S
. . . the basic algebraic properties of intuitionistic
to deal vagueness and uncertainty in real life .
. fuzzy sets. The complex numbers with fuzzy sets
problems. Thus, crisp sets commonly do not

have suitable response and feedback for actual were combined by Buckley [8]. Kim [9] presented

worldlv conditions of happenine issues. In the idea of the fuzzy order of elements of a group.
oy . ppening ' Ajmal [10] established the fuzzy homomorphism
addition, this particular set plays a remarkable .
role in various scientific fields with wide theorems of fuzzy subgroups. He also discussed
applications in topological spaces, medical the fuzzy quotient group and correspondence
diagnosis  determination coding’ theory. theorem.  Ray [I1] initiated the notion  of
computer sciences, and module theory. The idea Cartesian product of fuzzy subgroup. Moreover,

of fuzzy subgroups was introduced by Rosenfeld the volume and intricacy which exist in the

www.internationalsped.com 1524


http://creativecommons/
https://pmc.ncbi.nlm.nih.gov/articles/PMC8392225/#B1-entropy-23-00992
https://pmc.ncbi.nlm.nih.gov/articles/PMC8392225/#B2-entropy-23-00992
https://pmc.ncbi.nlm.nih.gov/articles/PMC8392225/#B3-entropy-23-00992
https://pmc.ncbi.nlm.nih.gov/articles/PMC8392225/#B4-entropy-23-00992
https://pmc.ncbi.nlm.nih.gov/articles/PMC8392225/#B5-entropy-23-00992
https://pmc.ncbi.nlm.nih.gov/articles/PMC8392225/#B6-entropy-23-00992
https://pmc.ncbi.nlm.nih.gov/articles/PMC8392225/#B7-entropy-23-00992
https://pmc.ncbi.nlm.nih.gov/articles/PMC8392225/#B8-entropy-23-00992
https://pmc.ncbi.nlm.nih.gov/articles/PMC8392225/#B9-entropy-23-00992
https://pmc.ncbi.nlm.nih.gov/articles/PMC8392225/#B10-entropy-23-00992
https://pmc.ncbi.nlm.nih.gov/articles/PMC8392225/#B11-entropy-23-00992

2026, 41(22s), 1524-1538

INTERNATIONAL JOURNAL of SPeciAL EpucaTion

collected information of our daily life are
developing rapidly with the phase shift of data.
Then, there is regularly existing various sorts of
uncertainty in that information is represented
with  complicated problems in different
disciplines, such as biology, economics, social
science, computer science, mathematics, and
environmental science. With the development of
science and technology, the decision making
problems are becoming increasingly difficult. To
overcome this drawback, Ramot et al. [12,13]
presented the generalized form of fuzzy set by
combining a phase term, called a complex fuzzy
set. The efficiency of complex fuzzy logic in the
respect of membership has a powerful role to
deal with concrete problems. It is highly valuable
for calculating unevenness, and also it is very
useful way to address ambiguous ideas. Despite
its efficacy, we have serious problems about
physical features on complex membership related
function.

Thus, it is highly essential to formulate extra
theories of complicated fuzzy set relating intricate
set members. This reasoning is a direct version of
traditional fuzzy logic, which results in problem
related fuzzy reasoning. Thus, it is not favorable
for superficial membership function. This set has
a very specific role in wide variety of applications
in modern commanding systems especially those
that forecast periodic events in which a number
of variables are interconnected in complex ways
and fuzzy operations cannot run it effectively.
The fundamental set theoretic operations of
complex fuzzy sets were presented by Zhang et
al. [14]. Recently, the possible applications, which
explain the novel ideas, including complex fuzzy
sets in forecasting issues, solar activity, and time
series were investigated by Thirunavukarasu et al.
[15]. The complex fuzzy sets have wide
applications in  decision making, image
restoration, and reasoning schemes. Ameri et al.
[16] invented the of Engel fuzzy subgroups in
2015. The notion of complex vague soft sets were
defined by Selvachandran [17]. Al-Husban and
Salleh [18] developed a connection between
complex fuzzy sets and group theory in
2016.Singh et al. [19] discussed the link between
complex fuzzy set and metric spaces. In 2016,

Thirunavukarasu et al. [20] depicted the
abstraction of complex fuzzy graph and find
energy of this newly defined graph. In 2017,
Alsarahead and Ahmed [21] presented a new
abstraction of complex fuzzy subgroup. They
also introduced novel conception complex fuzzy
subring and complex fuzzy soft subgroups. These
abstractions are completely different from
Rosenfeld fuzzy subgroups [2] and Liu fuzzy
subring [3]. The parabolic fuzzy subgroups were
introduced by Makamba and Murali [24]. Then,
certain algebraic properties of Engel fuzzy
subgroups were discussed in [25].Moreover, the
Mohamadzahed et al. [26] established the novel
concept of nilpotent fuzzy subgroup. The fuzzy
homomorphism structures on fuzzy subgroups
was discussed by Addis [27]. The algebraic
structure between fuzzy sets and normed rings
were proposed in [28]. Gulistan et al. [29]
presented the notion of (a,f)-complex fuzzy
hyper-ideal and investigated many algebraic
properties of this phenomena. Liu and Shi [30]
presented a novel framework to fuzzification of
lattice, which is known as an M-hazy lattice. The
complex fuzzy sub-algebra commenced in [31].
Currently, the novel environment of complex
fuzzy set in decision making problems has been
used frequently [32], owing to the existence of
complex fuzzy information in several practical
situations. Gulzar et al. [33] published a inventive
theory of complex fuzzy subfields. The new
development about Q-complex fuzzy subring
was introduced in [34]. For other useful results of
fuzzy subgroups not mentioned in the article,
readers are referred to [35].

In 2013, Yager RR [36] invented Pythagorean
Fuzzy Sets (PFSs). Most recently another
amazing generalization of FSs is proposed by
Yager RR [36], g-Rung Orthopair Fuzzy Sets (g-
ROFSs) which models uncertain and incomplete
information better than both IFSs and PFSs with
high accuracy. g-ROFSs is more fruitful in many
decision-making problems. In 2018. In 2019,
Some results related to it were given by Peng X
[37] and published Information measures for g-
rung orthopair fuzzy sets. In certain situations,
the PFSs unable to handle the problems like if
membership degree y = 0.8 and non-membership
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degree 6 = 0.75 then %2 + 62 = 1.20251 it is clear
that PFSs fail to define this type of sets.. This
concept is perfectly designed to represent
imprecision and ambiguity in mathematical way
and to produce a formalized tool to handle
fuzziness to real problems. Pinar A et al. [38§]
suggested a q-rung orthopair fuzzy multi-criteria
group decision making method for supplier
selection based on a novel distance. In this article,
we introduced the concept complex g-rung
orthopair fuzzy subgroup which the extension of
complex  intuitionistic/Pythagorean  fuzzy
subgroups. Based on the complex g-rung
orthopair fuzzy subgroup, several
characterizations ate discussed. Also, normality,
cosets, homomorphism order of complex q-rung
orthopair fuzzy subgroup were introduced and

their properties were analyzed.
2. Preliminaries

In this section, we discuss basic definitions of
Zadeh’s fuzzy set, complex fuzzy set.

Definition-2.1: Let ‘X” be a crisp set. Then
J: X = [0, 7] is called a fuzzy set, denoted by X.
Hence J(x) is called the degree of membership.

Rosenfeld was the first who worked on fuzzy
subgroups and fuzzy graphs in (1971), (1975).

Definition-2.2: Let J: X = [0,7] be a fuzzy
subset of a group (X,.). Then, J is said to be a
fuzzy subgroup of (X,.), if the following
conditions hold,

) J(Ge.y) =2 min{j (x),](v)},
(i) J(x™) = J(x), forallx,y € X.

Ramot etal, defined complex fuzzy set on
classical set in 2002.

Definition-2.3: Let ‘X’ be a crisp set and define
J on X to be complex fuzzy set (CFS), where

J = {(x,](x))/x € X} such that M(x) = X -
{Aj/A7E C, |A1| < 7}, pfOVidCd that

J(x) = p(x)e? ™) where p(x)and a(x) €
[0, 7].

Recently in 2021, Eman A. Abubhijleh, Mourad
Massa'deh, Amani Sheimat, and Abdulazeez
Alkouri are defined complex fuzzy subgroup.

Definition-2.4: Tet J(x) =X - {A,/A€
C,|A;] < 7} be a complex fuzzy subset of the
group (X,.). Then J is said to be a complex fuzzy
subgroup (CFSG) of (X,.), if the following
conditions hold;

@ J(x.y) = min{J(x),] ()},
(ii) J(x~) = J(x), forallx,y € X.

which is equivalently, for each any x,y € X

and
J(x) = p(x)e?™eX) e get

@ p(x.y) = min{p(x),p(y)}

and
a(x.y) = min{a(x), a(y)}
(i) p(x~") = p(x)and (x™) = a(x) .

In 2013, R.R.Yager established g-rung fuzzy set
of classical set.

Definition-2.5: Let ‘X” be a classical set and
defined ‘Q” on X to be g-rung orthopair fuzzy set,
where Q = {(x,](x),K(x))/x € X}. Such that
J(x) € [0,7] and K(x) € [0, 7] are the degree of
membership and non-membership of x € X

which satisfying the condition
0<J9(x)+ K(x) < 1,forall x € X.

Note that, in the previous definition if the
condition was 0 < J(x) + K(x) < 7, forall x €
X, then Q define an intuitionistic fuzzy set. 0 <
J?(x) + K?(x) < 1, called Pythagorean fuzzy set
and 0<JP(x) + K’(x) < 1, called fermatean

fuzzy set on X.

The following is the definition of q-rung
orthopair fuzzy subgroup, by the 2020 study.

Definition-2.6: Let (X,.) be a group and Q =
{J, K} be q-rung orthopair fuzzy set of X. Then
Q is said to be g-rung orthopair fuzzy subgroup
of X if the following conditions hold;

@ JA(x.y) 2 min{J%(x),J9(y)}  and
K(x.y) < max{K(x),K1(y)},
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J9x"N=J9(x) and Ki(x77)<
Ki(x),Vx,y € X.

Note that, if ¢ = 7,2, 3 then Q is respectively
called as intuitionistic, Pythagorean and

fermatean fuzzy group.

The study developed the concept of complex g-
rung orthopair fuzzy set (Q-rung CFS) in 2019.

Definition-2.7: Let ‘X’ be a classical set and
defined ‘A’ on X be complex q- rung fuzzy set
where A = {(x,](x),K(x))/x € X}. Such that
J(x): X - {A,/A€ C,|A,| < 7} and

K(x):X = {A,/A€ C,|A,| < 1} are the degree
of membership and degree of non-membership

of x €X. More over J(x) =
wi(x)ezma(x),]((x) — wg(x)emiﬁ(x)

are satisfying the conditions 0 < w;9(x) +
w(x) < 7and 0 < a(x) + B9(x) < 1 forall

x € U.Then A defined q- rung complex fuzzy set
on X.

In 2019, operations on g-rung complex fuzzy set,
such as union, intersection and complement were

defined.

Definition-2.8: Tet A, ={J,,K,} and A, =
{/,,K,} are g-rung complex fuzzy sets on X,
where J(x): X - {a)j(x)egmai(x): 0<
w;(x), a;(x) < 7}, and

K(x): X - {8;(x)e’™Pi): 0 < §;(x), B;(x) <
1}.

(1) A, nA,={,n], K, NK,}, where

(@) Jrnj)x) =

(min{a)7(x), wz(x)}ehrimin{af(x).m(X)})

(b) (K;NK)(x) =

(min{6 (x),8 2(x)}emimin{az(x).ﬁz(x)})

(2) A7UA2 = {]1U12,K7UK2}, where

@) Jr v =

(max{w7(x), wz(x)}eﬂtimax{m(x),B,(x)})

(b) (K; UK)(x) =

(max{&(x), 52(x)}e2nimax{a2(x),ﬁg(x)})
Definition-2.9: Let A ={J,K} be q-rung

complex fuzzy set defined on X, where

x): X - {w,(x)e?™™®). g < o, (x), a(x) <
1 1

7}, and

K(x): X = {w,(x)e?™F®: 0 < w,(x), f(x) <

7}. Then the complement of ‘A’ defined by

A€ = (K,]), where

@ I =K = w,(x)e

B K@) =] = w, ()™

3. Q-rung complex fuzzy subgroups

A generalization of Pythagorean fuzzy subgroup
and fermatean fuzzy subgroup is developed in the

proceeding definition.

Definition-3.1: Let (X,.) be a group and ‘A’=
{] = w,e’™ K = (l)gezniﬁ} be a complex

g-rung fuzzy set of X. Then ‘A’ is said to be a

complex g-rung fuzzy subgroup of X, where

W+ w¥<7and a?+p9<17if ] and K
have the following property,

1(2) J9(x.y) = ] (x.y)e?ma? )
> min{! (e, 0 (3o 0))
= min{J9(x),J?(y)}

where @] (x.y) = min{w] (x), 0] (y)} and
al(x.y) = min{a?(x),a?(y)}

L) K9(x.y) = ] (x. y)e”™F )

< max{wf (x)e”™F1®), i (y)emFI 0N}

= max{K(x), K(y)}

where @] (x.y) < max{a);Z (x), w? (y)} and
Bl(x.y) < max{B(x), ()}
2@ J1(x7) = 0] (x7)) 2 wf (x)e
where w?(x_7) > w?(x) and a9(x”") >
a?(x)
2b) Ki(x™ ) = wg(x_’)ez”iﬁq(x_’) <
wg(x)eZnqu(x)
where w?(x"’) < wg(x) and BI(x~") <

B (x)
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In previous definition,
if g = 1, then ‘A’ is called intuitionistic complex

fuzzy group,

if ¢ = 2, then ‘A’ is called pythagorean complex
fuzzy group,

if g =1, then ‘A’ is called fermatean complex
fuzzy group.

Preposition-3.2: Let ‘A’ be a complex g-rung
fuzzy subgroup of a group (X,.). Then the
following holds;

L Jie) = wf(e)e’™a"@ >

wj (1)) = J4(x)

where a)f’(e) > w?(x) and a?(e) = a?(x).

2. K(e) = wl(e)e?h!@ <

wd (x)e?m ) = K4 (x)

where a)g (e) < a)g (x) and B9(e) < B9(x).

3. Ja(x") = w?(x—7)62n'iaq(x‘7) —

wj (1)) = J4(x)

where wf(x™") = wl(x) and al(x7) =
a’(x).

4, Ki(x™") = wl(x~ 2P =

wd (x)e?m P = K9 (x)

where a)g(x_7) = a)g(x) and BI(x~") =

B9 (x).

for all x € X, where ‘@’ is the identity of all

elements.

Proof: Since ‘A’ is q-rung fuzzy subgroup of a
group, then by definition-3.1, ‘1" and 2’ can be

showed as follow;
J9(e) = wf (e)e?ie"®

Ji(e) = w?(x_x—7)62ﬂiaq(x.x‘7)
> min{w (0)emHC) | I (x~7)e2mal(x )
> min{w] (x) , wf (x~)}e?mmintet()al (")}
> w] ()e™ ' = J1(x).

In addition,

Ki(e) = wl(e)e?rih©

Ki(e) = w;l (x.x~ 7)ezniﬁq(x.x-’)

< max{wf (x)e” 1) I (x—7)32”iﬁq(x_7)}
< max{w} (x) , 0] (x—7)}6,27Timin{[3‘7(x),[j’q(x'7)}
< wi(x)e™F®) < K4(x).

Similatly, 3’ and ‘4’ can be proved.

In the following result, we exhibit that any

complex intuitionistic fuzzy

subgroup/Pythagorean  fuzzy subgroup s
complex q-rung fuzzy subgroup, whereas
complex intuitionistic/Pythagorean is a subclass
of complex g-rung fuzzy set.

Theorem-3.3: If ‘A’ is a complex intuitionistic
fuzzy subgroup of the group (X,.), then ‘A’ is a
complex g-rung orthopair fuzzy subgroup of the
group (X,.).

Proof: At first, to claim that

w;l (x. y)eZniaq(x.y) >

min{w; (x)e2ma’() w! (y)ezm‘xq(”} and

i (x. y)e2miB1ey) <

max{wf (x)e?™ 1), wI (y)e I},

We know that, ‘A’ is a complex intuitionistic

fuzzy subgroup, then

w,(x.y)eZmiaxy) >
min{w,(x)e’™*® | @, (y)e? O} and

w,(x.y)emFxY)
< max{w,(x)e”™F® | w,(y)e?F0)}

where w; + w, < 7Tanda+ f < 7.
Then we consider the following four cases.
Case-(1): Let

w,(x)e™eX) > o (y)eZria®) and

w,(x)e?™EX) > o,(y)e?TBD) then
wi(x. y)eQTria(x.y) > wi(y)eQn'ia(y).

Now, consider

www.internationalsped.com

1528



2026, 41(22s), 1524-1538

INTERNATIONAL JOURNAL of SPeciaL EpucaTion

a);’ (. y)eZm'aq(x.y) > a)? (y)eZm'aq(y) >
minfw(x)e?™ 1) | I (y)e?miat ™}
Moreover,

wd (x.y)eZ IV < o, (y)e?FED)

Now, consider

wd (x.y)eZ IV < I (y)e? ) <
max{w? (x)e2mhIC) w? (y)ezniﬁq(y)}
Case-(iii): Let

w, (e’ < w, (y)ee) and
w,(x)e”™BE® > ¢,(y)e?™BO) then
w,(x. y)eZHia(x-y) > w,(x)e2mat),
Now, consider

w?(x. y)eZTIiaq(x.y) > w;l(x)ezniaq(x) >
min{w? (x)ezmaq(x) ) w? (y)eZHiaq(y)}'
Moreover,

wd (x.y)eZ IV < o, (y)e?FED)

Now, consider

wg(x. y)eZHiB"(x.y) < wg(x)ezniﬁq(x) <
max{wd (x)e?™F1) | I (x)e™F1)]
Case-(iv): Let

w (1)) 2 w, (y)eme®) and

w,(x)e?TBX) < ,(y)e?TBDY)  then with

same argument of case-(iii), we get the result.
Case-(i1): Let
w, (x)eh'ria(x) < w7(y)e2m'a(y) and

w,(x)e?TBX) < ,(y)e?TBDY)  then with

same argument of case-(i), we get the result.
Secondly, since

w7(x—1)eznia(x") > w7(x)62nia(x) and
w,(x~Ne?MB(T") < w,(3)e?™BD) | then
w;l(x—7)62niaq(x_7) > w;?(x)eZTEiaq(x) and
w] (x~)e2mB(>x7") < wl(y)e?™BY) (oo,

The converse of the above theorem-3.3 is not
always true. The following example shown the
proof.

Example-3.4: For the set X ={7,—1,i,—i},
define a group (X,.), where “is the known
multiplication. Also define A = {J,K} be a

complex g-rung fuzzy set on U, where
J(1) = 0.6¢>™H0))

J(—=1) = 0.7¢2mi09) K(=7)
— 0.66277.'1'(0.5)

K(7) = 0.7¢7m(05)

J@) = 0.3e2m09

J(=i) = 0.3¢2mi09 K(=i)
— 0.46277.'1'(0.2)

K(7) = 0.4e*m(2)

Now to check that definition-2.4 is satisfied. We
get for x = 7, q = 2 that

0.6)°+ (0.7)° <1 and (0.7)°+ (0.8)° < 1,
both are in the closed interval [0, 7]. It is easy to
check that for all x € X, the property satisfied
and ‘A’ is complex g-rung fuzzy set. But it not
complex intuitionistic fuzzy set where at w =
—1, we get 0.7+0.6%£1. In addition, this set

A =1{],K} is complex g-rung fuzzy subgroup,
see definition-3.1.

Preposition-3.5: For complex g-rung fuzzy set
‘A’ of a group (X, .), it is a complex q-rung fuzzy
subgroup if and only if

) JAe.y™") = 0l (x.y~"emiat(xy™)
> minf{w? (x)e?@' 0, 4 (y)emia’®))
= min{J(x),J?(y)}, where

w] (x.y~") = min{w] (x), 0] )} and
a9(x.y~") = min{a?(x),a?(y)}.

@ Ky ") = wl(y emFxy™)
< max{wf (x)e”™F1®), i (y)e ™ FI 0N}
= max{K9(x),K9(y)}, where

w0l (x.y™") < max{w? (x), w?(y)} and

BCx.y™") < max{pi(x), BT}

Proof: The condition is necessaty.

According to proposition-3.2, we have
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w;l(x—i)ezmaq(x_7) — w;l(x)ezmaq(x) and

wg (x—7)82niﬁq(x_’) — (A)g (x)eZm'Bq(x)

for all x € X, then results follow by definition-
3.1

The condition is sufficient.

At first, A is complex g-rung fuzzy set and is
defined on group (X,.), then

(a7) J9(e) = wl(e)e?™a’(®
= w;?(x_ x—i)eZniaq(x.x—7)

2 ] (e = J1(x)

where @] (x.x7") = wl(x) and a9(x.x7") >
al(x)

(b7 J7(7") = wf (xNe a6
= wl(e.x")emal(ex™)

> min{w{ (e)e?™ (@), i (x)emia’ )}

= min{w? (e), w;l (x)}eml'min{aq(e).aq ()}
= w] ()@ = J9(x) by (a1).
(eNJ¥x.y) =]1C.(r"N7")

> min{J?(x),J1(y~")}

> min{J?(x),J9(»)} by (b7).

Similarly, we have
(a2) K9(e) = wl(e)e '
= o (r.x™N)e?™FIxT) < o (x)e?mFI)
=]9(x)
where @?(x.y™") < w?(x) and BI(x.y~") <
B9 (x)
12) KI(x~") = @ (x~")e2BI)
= wf(e.x~")emF(ex)
< max{wf (e)e?™F*©), wI(x)emik1*)}
= max{w] (e), 0] (x)}emimin{ﬁ 1(e),B(x)}

= wd (x)e?™F1) = K9(x) by (a2).

() KI(x.y) =K9(x.(y"N7)

< max{K(x), Ky~ ")}
max{K?(x),K(y)} by (b2).

IA

Finally, by (c7) and (c2) the first condition is
satisfied and by (b7) and (b2) the second
condition is satisfied.

Hence ‘A’ is complex q-rung orthopair fuzzy

subgroup of a group (X, .).

Preposition-3.6: If ‘A’ and ‘B’ be two complex

g-rung orthopair fuzzy subgroup of a group

(X,.), then AN B is complex g-rung orthopair

fuzzy subgroup of a group (X, .).

Proof:

Since ‘A’ and ‘B’ be two complex ¢-rung

orthopair fuzzy subgroup of a group (X,.) and

using proposition-3.5, then

0 JinpCey™") =

ey el

o

q =1 mimin{aA(x'y )}

= min {w7§ (x.y _7)'} e ag(xy™’)

w,p(x.y™")
=
min {min{w?A (), w0}, min{w!, (), wlk (y)}}

e 21'l:i{min{o_fff1 )2 M }min{ad(x),a} (y)}}

=mi {min{w?AnB(x)'w?AnB (x)}'}
min{w?AnB (}’); w?AnB (y)}
= min{]ZnB (x)v]an (y)}
(i) Kinp(x.y™) =
g (i) Fina 37 =

. Bq(x-y‘7)}

q -1 A

max {wgg P )’} ezmmm{’ﬁg(x'y_’) <
wis(x.y™")

min {min{w?A (%), w3z ()}, min{wl, (¥), 0, (}’)}}

o 2mi{min{B4 00,8 0N}min{BE ()AL}

q q
= min {min {2))2(}4 ne ((J;))} ,min { (Zf; " ((y ))}}
24nB » WoanBY
= min{Kj 5 (), K5 ()}

The proof is completed.
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Example-3.7: Let (X,.) = (Z,+) be a group
also A; = 3Z and A, = 2Z be two complex

g-rung orthopair fuzzy subgroup of Z, where

2miay . (x)
4; = {]Af =wmes Ky,
_ ng.eZTI.'lﬁAj(X) },] =12
j
They defined by
04e2m03)  x € 37
]A;(x) = 21i(0.0) .
0.0e Y/, otherwise
0.0e2m00 € 37
Ky, (x) = 2i(0.5) :
0.5e </, otherwise
0.04e?™0D  x € 27
]Az(x) = 2mi(0.0) :
0.0e ) otherwise
0.3e2m02)  x € 27
KAz (x) = 2mi(0.3) .
0.4e <), otherwise

ForA =4,V A,, we get

0.4e°m03),  x € 37

Ja(x) = 0.4e?m 0D,y € 27 — 37
0.0e2m00;  Gtherwise
0.0e?™ 00, x € 37
Ky(x) = 0.03e’™02;  x € 27— 37
04209, Gtherwise
Here, x;, = 9 and x, = —2, then

J(9+ (=2)) = J9(7) = 0.0e*™® and

min{J(9),J9(=2)}
= min{(0.4)2e2”i(0.5)2' (0_04)28271'1'(0.7)2}

= min{a 16, 0.0076}e2”imi”{0-25'0-07}
= 0.0016e°™0-0D
Hence, 0.0e°™00 % 0.0076e2mH0-01)

(e JU(9+ (=2)) » min{J9(9),]1(-2)}.

Similarly, for non-membership, we have (after

calculation)
K194+ (-2)) £ max{K(9),K9(—2)}, where
0.76@2ﬂi(0'09) < 0.096271'1'(0.04).

Then A =A;UA, is not a complex g-rung
orthopair fuzzy subgroup of (Z, +).

Preposition-3.8: For a complex q-rung fuzzy set
A={] =we”™ K =w,e”™F} of a group
(X,.). Then

J9(x.x.x ...x) =

2miad (x.x.x..x) >

w;’(x.x.x wx)e

w?(x)e?™@1t) = J9(x), where

w?(x.x.x X)) = w?(x) and
al(x.x.x..x) = al(x).

Also,

Kq(x-X.x x) =

wF (xX.x. % ... x)e2mB(xxx..x) <
@l (x)e?mBI) = K4(x), where

ol (e x.x .. x) < wi(x) i

Ba(x.x.x ..x) < B9(x).

Proof: We can prove this proposition by
induction results.

Now, @ (x.x)e?ae @) > 7 (x)e2mia?()

where
ol (x.x) = 0l (x) and a9 (x.x) = a?(x).

Also, @ (x.x)e?™BIxD) <y (x)e?mhFI0),
where

0¥ (x.x) < 0¥ (x) and B9(x.x) < BI(x).
Hence the proof.

Theorem-3.9: For a complex g-rung orthopair
fuzzy set A = {] = w,e’™ K = @,e’™h } ofa
group  (X,.). The set S={xeX/
w;l (e)emiaq(e) —

o] (x)e?™a1() 04 o] (e)e?mipi(e) =

a)g (x)equ(x)} is a subgroup of X, where ‘€’
is the identity element.

Proof: First, we have e € S, hence ‘S’ is not
empty.

Moreover, we need to show that x.y~" € S for
allx,y € S.

Assume that x,y € S, where A is a complex g-
rung orthopair fuzzy subgroup of X, then by
proposition-3.8,
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7Gx,y "y i (™)

> min{w{ (x)e?™ ™), uI ()T 0}
= w;l(e)ezniaq(e)’ according to definition of S.
But, x.y~ € A, hence

w?(e)ezmaq(e) > w;l(x_y—I)eZniaq(x.y_’)’ by

proposition-3.2, so that

equality  holds  and a)? (e)e?mial(®) =
w?(x.y")emial(xy™),

Similarly, we can show wg(e)ezniﬁq(e) =

a)g (x. y_7)ezﬂiﬁq(x'y_7), by proposition-3.2 and

proposition-3.8. So that, x.y~' € S and S is a
subgroup of X.

4. Complex q-rung orthopair fuzzy cosset

In this section, we express complex q-rung
orthopair fuzzy left cosset and right coset and
gives equivalent conditions and some properties
for it.

Definition-4.1: Let A= (] = we”™* K =
w,e’™h ) be a complex g-rung orthopair fuzzy
subgroup of a group (X,.). Then for a € X, the
complex g-rung orthopair fuzzy left coset of A is

the complex g-rung orthopair fuzzy set

ad = {aJ = aw,e”™% K = aw,e’™F%},
which defined for membership by,
(@)96) = awf (e =
w;l (a—ix)ezniaq(a—7x) =J(a""x)
Also for non-membership is defined by,
(aK)i(x) = awd (x)e?™F1atx)
wi(a” Ix)e2miBi(ax) = ga(qa"x).
In the similar way, the complex q-rung orthopair
fuzzy right coset of A is the complex g-rung

orthopair fuzzy set Aa = (Ja, Ka) and defined
by

Ja)i(x) =J9(x.a™’) and
Ki(x.a™")

(Ka)4(x) =

for membership and non-membership

respectively.

Definition-4.2: Let A=) =
w;(x)e?™ ) K (x) = w,(x)e’™FX)) be a
complex g-rung orthopair fuzzy subgroup of G
of a group (X,.). Then ‘A’ is a complex q-rung
orthopair fuzzy normal subgroup of (X,.) if
every complex g-rung orthopair fuzzy left coset
is a complex q-rung orthopair fuzzy right coset
of A in X. Equivalently a4 = Aa.

Definition-4.3: Let (X,.) = (Z5,+5) be a
additive group with modulo integer 5. Define a
complex g-rung orthopair fuzzy set A = (J(x) =
w;(x)e?™ ) K (x) = w,(x)e?™ ) as

follows

0.8e2m(09)
(0.762”“0'5), x =
J(x) =1 0.72008)
0.2e?m05) ¥ = 3
0.9e°™MO, x =4

N = O

and

0.1e2m03)  x =g
(0.6e2’”(0'5), x=1

K(x) =< 0.5e2m0H  x =2
0.5e2m 07 x = 3
03620 x = 4

Now, we need to show that ‘A’ is a complex g-
> plex q

rung orthopair fuzzy subgroup of X.

For x = 7 € X, the complex g-rung orthopair
fuzzy left coset of A is, the complex g-rung
orthopair fuzzy set 1A = (7], 1K) and defined by

(1) =417 +5x) =

Wl (17 45 x)ema?(7 45%) 404
(1K)9(x) = K9(17" +5x)

= W (177 45 x)e M 45%),

Similarly, the complex g-rung orthopair fuzzy
right coset of 4 is, the complex g-rung orthopair
fuzzy set A1 = (J1, K1) and defined by

UnNix) =J9(x+517") =
w?(x +5 7_7)€2maq(x +577') and
(KN(x) =K9(x+517")

= (x4 1) B 517,

Let us assume that x = 0, then
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(1))9(0) = J9(17" +50)
= Wl (17 +; 0)ema" (7 +50)
— w;l(4 +5 O)eZEiaq(4 +50)
— w;l(4)62niaq(4)
= (.98 and
(1K)(0) = KI(17" +50)
= wj (17" +5 0)e?mBI(1™" +50)
— w;l(4 +5 O)ezniﬁq(4+50)
= a)g (4)e2niﬁq(4)
- 0-36271'1'(0.3)

In addition, we will show , (J7)9(0) =
0.9¢>™08) and (K1)1(0) = 0.3e°™09).

Hence, (71)9(0) = (J7)%(0) and (71K)?(0) =
(K1)4(0).

For x=1,234 it is easy to verify that

(D) =0UN*x)  and  (7TK)1(x) =
(K1)4(x).
Then, 1.4 = A. 1.

In the similar way we can show that xA = Ax for
allx € X.

Hence, ‘A’ is a complex q-rung orthopair fuzzy

normal subgroup of (Zs, +5).

Preposition-4.4: For a group (X,.) that is
defined on complex g-rung orthopair fuzzy
subgroup, ‘A’. Then, ‘A’ is complex ¢-rung
orthopair fuzzy normal subgroup of X if and only
it (NI9x) =J%a.x.a”’) and (K)1(x) =
Ki(a.x.a™"),foralla,x € X.

Proof: We first consider,

J1) = ] (e
— w;l (x_ e)ehriaq(x.e)

= wj((x.a). a_7)ezmaq((x'a)'a_1)
=w(a™’ (x. a))ezmaq(a_i'(x'a))

=J%a"".(x.a))

where ‘A’ is complex g-rung orthopair fuzzy

normal subgroup of X.
But a=(a"")"" and by similarly J9(x) =
J9(a.x.a™").

Also, it is simply to check that K9(x) =
K%(a.x.a™") too.

Conversely,
J9(a.x) = wi(a. x)e?miad(@x)

— w;l(a. x. e)eZn'iocq(a.x.e)

= 0! (a. (x.a).a”")eZria(axa)a™)

= J9(x.a).

Also, it is easy to claim that, K9(a.x) =
K9(x.a).

Therefore, we obviously, ‘A’ is complex g-rung

orthopair fuzzy subgroup of X.

Theorem-4.5: Let ‘A’ be a complex g-rung
orthopair fuzzy normal subgroup of a group

(X,.). Then the set S= {x eEX/
w;l(e)ehtiaq(e) —

w?(x)e?™@ M and wd (e)e?F@) =
w;l(x)emiﬁq(x)} is a normal subgroup of X,

where ‘@’ is the identity element of X.

Proof: At first e € X, (ie) S is not empty.
Moreover, it is subgroup of X, by theorem-3.9 so
that wl(e)e?mia?@ =

w?(X.y_i)ezni“q(x'y_i) and
wd (e)e?™F1©) = I (x,y~")emiBI(xy™),

But, ‘A’ is complex q-rung orthopair fuzzy

normal subgroup of X. Then,

w;l (. a—7)6,2m'aq(x.a") —

miad(a™x) 404

wl(a".x)e
wd(x.a™")e2miB(xa”’)
= wl(a~".x)e2miBI (),
Hence, (@™'.x) € S and S’ is a normal subgroup
of X.
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5. Effect of Homomorphism on Complex q-
rung orthopair fuzzy subgroup structures

In this section, we investigate the effect of
homomorphism on complex g-rung orthopair
fuzzy subgroup.

Definition-5.1: A function f:X =Y be a
homomorphism from X to Y. Let ‘A’ be a
complex g-rung orthopair fuzzy subgroup of X
and ‘B’ be a complex g-rung orthopair fuzzy
subgroup of Y. Let x € X and y € Y, then we

have

FAOO ={fUDG), FKDD)} is the

image of ‘A’ where;

su 9(x), =
fUi) = {fo-E(y)]A @, =y

0, otherise

fU)

21Ti< sup ag(x)
sup wh(x)e \xerT'o)

xef~1(y)

0e’™0  otherise

fik = [l 0 1=
’ 0, otherise
f(&{)

T ) xef ')
1, otherise

and the pre image set of B is f~1(B)(x) =
{(XJf_7UB)(x):f_7(KB)(X))}, where

f703)@) = Un)(f(x)
= wL(f(x))e2mas(fC)
f(Kg) ) = (Kg)(f (%))
= 0L (f(x))e2mBE®) forall x € X.

Lemma-5.2: Let f: X = Y be a homomorphism
from group X to group Y, and let ‘A’ be a
complex g-rung orthopair fuzzy subgroup of X
and ‘B’ be a complex g-rung orthopair fuzzy

subgroup of Y. Then

>, fx)=y

27ri< sup Bz(x)>
=] inf wl(x)e “*r'®m , )=y

L fFUDO) = f(0l) e (@) vy e
Y.

2. F(KD®) = f(0,)0)e? DD, vy €
Y.

3 FUD@) = ' (0%) () ™ (@)@,
Vx € X.

4 F(KD) @) = ! (0%)()em ™ (BB,
Vx € X.

Proof:
L. fFUDO) = sup {JL0;f(x) =y}
xef~1(y)
= swp{wf,(eE®; f(x) = y}
xef~1(y)
27n'< sup aq(x)>
= s {ol@)e oo
xef~'(y)

= f(w%,)(y)e?™ (€D
2. fKNO) = __inf (K f(x) =y}

x€f~'(y)
= inf q mﬁ;{(x); —
int{of, (e o) =y}
2mi|  sup ﬁg(x)>
= inf 4 (fo"(y)
xe}f_l,(y){sz(x)}e

= f(wl,)(y)e? (B

3. U3 = Up)(f ()
— w;IB(f(x))eZniag(f(x))
= (i) (e (@)@
4. fT(Kg)() = (Kp)(f(x))

4
= sy () mABU )

= 7 (@3 (e~ (P
Example-5.3: Let (Z5,+5) and (Z,4) be
complex g-rung orthopair fuzzy group, where we
define (Z5,+5) as an example-4.3. The map f:
(Z,+) = (Z5,+5) is complex g-rung orthopair
fuzzy homomorphism.
Consider A=1{1,2,7,9,13,14} S Z. 'Then
f(A) = (x, fUD)X), f(Ka) (x)) where as
LFUD = sup {70 f(0)

x€f~'(y)
= y(mod 5)}

= sup{J (N, J3(D,Ji(N,J3(9D,J113),]1 (10}
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w;IAU)eZT[iaZ(i)'w;IA(Z)eZtiaZQ) 1
q 2rial (7
= supi q ;n(:);qA((g?eq ) )'Zmaq(ﬂ)f
w;,(9De ™4 w], (13)e ™%,
w;lA(74)eZ1riaZ(14)

ag(n }
1,..al(19

— w?A(7): (U;IA(2), e 27Tisup{a
= sup 1 (14) e ,
1A

= sup{0.49, 0.81,0.04}e?misup036.0.64,0.25)
= 0. 87e271’i0.64

,( ){Kq(x) f(x)
= y(mod 9}
= inf{K,/ (1), K] (2), K] (D), K] (9, K] (13), K] (19}
( ngU)ezmﬁgu)'ng(z)ezmﬁj(z) ]

= inf @i, (7)emF0),
ng (9)621&,82(9)' ng(ﬁ)ez”iBZ(”),

2f(K) ) =

ng(M)ezniﬁg(m)
BI(N.BL2),..
q q L A
= inf{wZA(O,quA @, ,} e N { ﬂA(M) }
w,,(74)

— 1nf{036, 0.25, 0.09}62”ii“f{0'25'0'76'0'49'0'09}
— 0.096271'1:0.09

Theorem-5.4: Let f: X = Y be a epimorphism
from (X, °/) to (Y, °,) andlet ‘A’ be a complex
q-rung orthopair fuzzy subgroup of X. Then
f(A) is complex g-rung orthopair fuzzy
subgroup of Y.

Proof: Since ‘A’ is complex g-rung orthopair
fuzzy subgroup, the set

T; = {(x, 0a(0), w4 (1)) /x € X,0 < W], +
w;’A < 7} and

T, = {(x, aA(x),BA(x))/x €EX0< az + ﬁf{
< 1}

are the amplitude and phase terms of the complex
g-rung orthopair fuzzy subgroup. Then by

Lemma 5.2 ; f is epimorphism, we have

Case-1:

H() (f(wm))q(}’i Y5 = f(w?A)(% °¥5)

> min{f (0f,) ), f (@) 37}
= min{f (@)1, f (@)1 ()}
®) (f(@:)' &1 % 35) = f(0L) /%)
< max{f(wl) ). f(0l) 3.}
= max{f (@) (¥, f (@:)7(7)}
© (f@) ! @, %y) = fF(@)) ) %3
> min{f (af) ), f(af) )}
= min{f(a,)?(y,), f (@)1 (¥,)}
@ (FBD) 0 %) = F(BH Y % y2)
< max{f(B7) ). F(BH )}
= max{f (8)7(y)). f ()7 ()}
i@ (F@))'0™)=flel)o™) =
f(@l)® = (F@)'®)
B (F@)'0=floi)o™ =
f(@3) ) = (f@:))'®)
© (F@)'o™ =fla)oH =
fl@)») = (flan)' )

@  (FBN'o™ = fBHH =
FBH = (FBD)' o).

Case-2: Using case-1 and lemma-5.2, we have
O (f(/A))q(Y7 % ¥) = f(]Z)(% > ¥5)
= f(0f) ;2 3’2)92nif(ag‘)(y’ 272)

@l ) e ea)on,
f(w7A) 2) e2mif (ag)(v2)

=min{f(J1) ), fUD) ¥}
= min{(fU2) 0. (FUD)" 072}
@ (f&D) s %2 y2) = F(KD 1 2 32)
= f(0d) W %y e D1 272

f(ng)(y )eZ”lf(ﬁA)(y,)

< max
f(ng)(yg)eznlf(ﬁA)(YZ)
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= max{f (K ), F (K 2}
= max{(F (k) 0. (FK) 02}
®  (FU)' N =fUDO™
= f(wf,) e (@)™
= f(w;?A)(y)emif(aZ)(y)
=D
= (fun)'®
@ (F&D)' N =rfKHy™" =
f(wd)y=)e (B0
= f(ng)(y)esz(ﬁZ)(y)

= f(KD @) = (F(K))" (). The  proof s
followed.

Theorem-5.5: Tet f:X—>Y be a
homomorphism from (X, °;) to (Y, °,) and let
‘B’ be a complex q-rung orthopair fuzzy normal
subgroup of Y. Then f~/(B) is complex q-rung
orthopair fuzzy normal subgroup of X.

Proof: Let ‘B’ be a complex g-rung orthopair
fuzzy normal subgroup of Y, so that sets T; and
T, are amplitude and phase terms in the complex
g-rung orthopair fuzzy normal subgroup, as in
case-1 of the above theorem-5.4 then, according

to the definition-5.1 and lemma 5.2 , we have
U8 % y) = U)(f(x ° )
= b (f(x ° y))e s (1)
= wL(f(y ° x))emias (& *12)
= f7(0fp) (v ° e ()0 0)
=Un(f& ) = fUs)0 ° 2
fUs)x oy =f"05) ° x).

Also, by same strategy we can show that

f_7(Kg)(x % y) = f"7(K§)(y °,x). Hence
by proposition-4.4 result is follows.

6.Conclusion:

We have generalized the notion of complex g-
rung orthopair fuzzy subgroup and discussed
various algebraic structures of it. This is
happened by applying phase terms of complex
numbers to the g-rung orthopair fuzzy structutes
and its conditions. Therefore, complex g-rung
orthopair fuzzy subgroup is considered a
generalization of complex intuitionistic fuzzy
subgroup and complex Pythagorean fuzzy
subgroup. Some results between the content
concept and complex Pythagorean fuzzy
subgroup were improved and discussed. Also,
normality, coset and homomorphism under
complex g-rung orthopair fuzzy subgroups were

discussed and their properties were analyzed
7.Future work:

We may extent the presented woks to some
algebraic notions, such as factor groups, rings,
fields and integral domains.
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    𝜔 2  q  ( x . y )   e  2 𝜋 i   𝛽  q  ( x . y ) ≤ m a x  {   𝜔 2  q  ( x )   e  2 𝜋 i   𝛽  q  ( x )   ,   𝜔 2  q  ( y )   e  2 𝜋 i   𝛽  q  ( y ) }


  A


    𝜔 1  ( x . y )   e  2 𝜋 i 𝛼  ( x . y ) ≥ m i n  {   𝜔 1  ( x )   e  2 𝜋 i 𝛼  ( x )   ,   𝜔 1  ( y )   e  2 𝜋 i 𝛼  ( y ) }


    𝜔 2  ( x . y )   e  2 𝜋 i 𝛽  ( x . y ) ≤ m a x  {   𝜔 2  ( x )   e  2 𝜋 i 𝛽  ( x )   ,   𝜔 2  ( y )   e  2 𝜋 i 𝛽  ( y ) }


    𝜔 1 +   𝜔 2 ≤ 1


  𝛼 + 𝛽 ≤ 1


    𝜔 1  ( x )   e  2 𝜋 i 𝛼  ( x ) ≥   𝜔 1  ( y )   e  2 𝜋 i 𝛼  ( y )


    𝜔 2  ( x )   e  2 𝜋 i 𝛽  ( x ) ≥   𝜔 2  ( y )   e  2 𝜋 i 𝛽  ( y )


    𝜔 1  ( x . y )   e  2 𝜋 i 𝛼  ( x . y ) ≥   𝜔 1  ( y )   e  2 𝜋 i 𝛼  ( y )


    𝜔 1  q  ( x . y )   e  2 𝜋 i   𝛼  q  ( x . y ) ≥   𝜔 1  q  ( y )   e  2 𝜋 i   𝛼  q  ( y )


  ≥ m i n  {   𝜔 1  q  ( x )   e  2 𝜋 i   𝛼  q  ( x )   ,   𝜔 1  q  ( y )   e  2 𝜋 i   𝛼  q  ( y ) }


    𝜔 2  q  ( x . y )   e  2 𝜋 i   𝛽  q  ( x . y ) ≤   𝜔 2  ( y )   e  2 𝜋 i 𝛽  ( y )


    𝜔 2  q  ( x . y )   e  2 𝜋 i   𝛽  q  ( x . y ) ≤   𝜔 2  q  ( y )   e  2 𝜋 i   𝛽  q  ( y )


  ≤ m a x  {   𝜔 2  q  ( x )   e  2 𝜋 i   𝛽  q  ( x )   ,   𝜔 2  q  ( y )   e  2 𝜋 i   𝛽  q  ( y ) }


    𝜔 1  ( x )   e  2 𝜋 i 𝛼  ( x ) ≤   𝜔 1  ( y )   e  2 𝜋 i 𝛼  ( y )


    𝜔 2  ( x )   e  2 𝜋 i 𝛽  ( x ) ≥   𝜔 2  ( y )   e  2 𝜋 i 𝛽  ( y )


    𝜔 1  ( x . y )   e  2 𝜋 i 𝛼  ( x . y ) ≥   𝜔 1  ( x )   e  2 𝜋 i 𝛼  ( x )


    𝜔 1  q  ( x . y )   e  2 𝜋 i   𝛼  q  ( x . y ) ≥   𝜔 1  q  ( x )   e  2 𝜋 i   𝛼  q  ( x )


  ≥ m i n  {   𝜔 1  q  ( x )   e  2 𝜋 i   𝛼  q  ( x )   ,   𝜔 1  q  ( y )   e  2 𝜋 i   𝛼  q  ( y ) }


    𝜔 2  q  ( x . y )   e  2 𝜋 i   𝛽  q  ( x . y ) ≤   𝜔 2  ( y )   e  2 𝜋 i 𝛽  ( y )


    𝜔 2  q  ( x . y )   e  2 𝜋 i   𝛽  q  ( x . y ) ≤   𝜔 2  q  ( x )   e  2 𝜋 i   𝛽  q  ( x )


  ≤ m a x  {   𝜔 2  q  ( x )   e  2 𝜋 i   𝛽  q  ( x )   ,   𝜔 2  q  ( x )   e  2 𝜋 i   𝛽  q  ( x ) }


    𝜔 1  ( x )   e  2 𝜋 i 𝛼  ( x ) ≥   𝜔 1  ( y )   e  2 𝜋 i 𝛼  ( y )


    𝜔 2  ( x )   e  2 𝜋 i 𝛽  ( x ) ≤   𝜔 2  ( y )   e  2 𝜋 i 𝛽  ( y )


    𝜔 1  ( x )   e  2 𝜋 i 𝛼  ( x ) ≤   𝜔 1  ( y )   e  2 𝜋 i 𝛼  ( y )


    𝜔 2  ( x )   e  2 𝜋 i 𝛽  ( x ) ≤   𝜔 2  ( y )   e  2 𝜋 i 𝛽  ( y )


    𝜔 1  (   x  − 1 )   e  2 𝜋 i 𝛼  (   x  − 1 ) ≥   𝜔 1  ( x )   e  2 𝜋 i 𝛼  ( x )


    𝜔 2  (   x  − 1 )   e  2 𝜋 i 𝛽  (   x  − 1 ) ≤   𝜔 2  ( y )   e  2 𝜋 i 𝛽  ( y )


    𝜔 1  q  (   x  − 1 )   e  2 𝜋 i   𝛼  q  (   x  − 1 ) ≥   𝜔 1  q  ( x )   e  2 𝜋 i   𝛼  q  ( x )


    𝜔 2  q  (   x  − 1 )   e  2 𝜋 i   𝛽  q  (   x  − 1 ) ≤   𝜔 2  q  ( y )   e  2 𝜋 i   𝛽  q  ( y )


  X =  { 1 , − 1 , i , − i }


   ( X ,   . )


  .


  A =  { J ,   K }


  U


  J  ( 1 ) = 0 . 6   e  2 𝜋 i  ( 0 . 7 )                               K  ( 1 ) = 0 . 7   e  2 𝜋 i  ( 0 . 8 )


  J  ( − 1 ) = 0 . 7   e  2 𝜋 i  ( 0 . 4 )                         K  ( − 1 ) = 0 . 6   e  2 𝜋 i  ( 0 . 5 )


  J  ( − 1 ) = 0 . 7   e  2 𝜋 i  ( 0 . 4 )                         K  ( − 1 ) = 0 . 6   e  2 𝜋 i  ( 0 . 5 )


  J  ( i ) = 0 . 3   e  2 𝜋 i  ( 0 . 4 )                           K  ( 1 ) = 0 . 4   e  2 𝜋 i  ( 0 . 2 )


  J  ( i ) = 0 . 3   e  2 𝜋 i  ( 0 . 4 )                           K  ( 1 ) = 0 . 4   e  2 𝜋 i  ( 0 . 2 )


  J  ( − i ) = 0 . 3   e  2 𝜋 i  ( 0 . 4 )                           K  ( − i ) = 0 . 4   e  2 𝜋 i  ( 0 . 2 )


  J  ( − i ) = 0 . 3   e  2 𝜋 i  ( 0 . 4 )                           K  ( − i ) = 0 . 4   e  2 𝜋 i  ( 0 . 2 )


  x = 1


  q = 2


     ( 0 . 6 ) 2 +    ( 0 . 7 ) 2 < 1


     ( 0 . 7 ) 2 +    ( 0 . 8 ) 2 < 1


   [ 0 ,   1 ]


  x ∈ X


  A


  𝜔 = − 1


  A =  { J ,   K }


  A


   ( X ,   . )


    J  q  ( x .   y  − 1 ) =   𝜔 1  q  ( x .   y  − 1 )   e  2 𝜋 i   𝛼  q  ( x .   y  − 1 )


  ≥ m i n  {   𝜔 1  q  ( x )   e  2 𝜋 i   𝛼  q  ( x ) ,   𝜔 1  q  ( y )   e  2 𝜋 i   𝛼  q  ( y ) }


  ≥ m i n  {   𝜔 1  q  ( x )   e  2 𝜋 i   𝛼  q  ( x ) ,   𝜔 1  q  ( y )   e  2 𝜋 i   𝛼  q  ( y ) }


  =   m i n  {   J  q  ( x ) ,   J  q  ( y ) }


    𝜔 1  q  ( x .   y  − 1 ) ≥ m i n  {   𝜔 1  q  ( x ) ,   𝜔 1  q  ( y ) }


    𝛼  q  ( x .   y  − 1 ) ≥ m i n  {   𝛼  q  ( x ) ,   𝛼  q  ( y ) }


    K  q  ( x .   y  − 1 ) =   𝜔 2  q  ( x .   y  − 1 )   e  2 𝜋 i   𝛽  q  ( x .   y  − 1 )


  ≤ m a x  {   𝜔 2  q  ( x )   e  2 𝜋 i   𝛽  q  ( x ) ,   𝜔 2  q  ( y )   e  2 𝜋 i   𝛽  q  ( y ) }


  ≤ m a x  {   𝜔 2  q  ( x )   e  2 𝜋 i   𝛽  q  ( x ) ,   𝜔 2  q  ( y )   e  2 𝜋 i   𝛽  q  ( y ) }


  =   m a x  {   K  q  ( x ) ,   K  q  ( y ) }


    𝜔 2  q  ( x .   y  − 1 ) ≤ m a x  {   𝜔 2  q  ( x ) ,   𝜔 2  q  ( y ) }


    𝛽  q  ( x .   y  − 1 ) ≤ m a x  {   𝛽  q  ( x ) ,   𝛽  q  ( y ) }


    𝜔 1  q  (   x  − 1 )   e  2 𝜋 i   𝛼  q  (   x  − 1 ) =   𝜔 1  q  ( x )   e  2 𝜋 i   𝛼  q  ( x )


    𝜔 2  q  (   x  − 1 )   e  2 𝜋 i   𝛽  q  (   x  − 1 ) =   𝜔 2  q  ( x )   e  2 𝜋 i   𝛽  q  ( x )


  x ∈ X


  A


   ( X ,   . )


   ( a 1 )


    J  q  ( e ) =   𝜔 1  q  ( e )   e  2 𝜋 i   𝛼  q  ( e )


  =   𝜔 1  q  ( x .   x  − 1 )   e  2 𝜋 i   𝛼  q  ( x .   x  − 1 )


  ≥   𝜔 1  q  ( x )   e  2 𝜋 i   𝛼  q  ( x )


  =   J  q  ( x )


    𝜔 1  q  ( x .   x  − 1 ) ≥   𝜔 1  q  ( x )


    𝛼  q  ( x .   x  − 1 )   ≥ 𝛼  q  ( x )


   ( b 1 )


    J  q  (   x  − 1 ) =   𝜔 1  q  (   x  − 1 )   e  2 𝜋 i   𝛼  q  (   x  − 1 )


  =   𝜔 1  q  ( e .   x  − 1 )   e  2 𝜋 i   𝛼  q  ( e .   x  − 1 )


  ≥ m i n  {   𝜔 1  q  ( e )   e  2 𝜋 i   𝛼  q  ( e ) ,   𝜔 1  q  ( x )   e  2 𝜋 i   𝛼  q  ( x ) }


  ≥ m i n  {   𝜔 1  q  ( e )   e  2 𝜋 i   𝛼  q  ( e ) ,   𝜔 1  q  ( x )   e  2 𝜋 i   𝛼  q  ( x ) }


  = m i n  {   𝜔 1  q  ( e ) ,   𝜔 1  q  ( x ) }   e  2 𝜋 i m i n  {   𝛼  q  ( e ) ,   𝛼  q  ( x ) }


  = m i n  {   𝜔 1  q  ( e ) ,   𝜔 1  q  ( x ) }   e  2 𝜋 i m i n  {   𝛼  q  ( e ) ,   𝛼  q  ( x ) }


  =   𝜔 1  q  ( x )   e  2 𝜋 i   𝛼  q  ( x )


  =   J  q  ( x )


   ( a 1 )


   ( c 1 )


    J  q  ( x . y ) =   J  q  ( x .    (   y  − 1 )  − 1 )


  ≥ m i n  {   J  q  ( x ) ,   J  q  (   y  − 1 ) }


  ≥ m i n  {   J  q  ( x ) ,   J  q  ( y ) }


   ( b 1 )


   ( a 2 )


    K  q  ( e ) =   𝜔 2  q  ( e )   e  2 𝜋 i   𝛽  q  ( e )


  =   𝜔 2  q  ( x .   x  − 1 )   e  2 𝜋 i   𝛽  q  ( x .   x  − 1 )


  ≤   𝜔 2  q  ( x )   e  2 𝜋 i   𝛽  q  ( x )


  =   J  q  ( x )


    𝜔 2  q  ( x .   y  − 1 ) ≤   𝜔 2  q  ( x )


    𝛽  q  ( x .   y  − 1 )   ≤ 𝛽  q  ( x )


   ( b 2 )


    K  q  (   x  − 1 ) =   𝜔 2  q  (   x  − 1 )   e  2 𝜋 i   𝛽  q  (   x  − 1 )


  =   𝜔 2  q  ( e .   x  − 1 )   e  2 𝜋 i   𝛽  q  ( e .   x  − 1 )


  ≤ m a x  {   𝜔 2  q  ( e )   e  2 𝜋 i   𝛽  q  ( e ) ,   𝜔 2  q  ( x )   e  2 𝜋 i   𝛽  q  ( x ) }


  ≤ m a x  {   𝜔 2  q  ( e )   e  2 𝜋 i   𝛽  q  ( e ) ,   𝜔 2  q  ( x )   e  2 𝜋 i   𝛽  q  ( x ) }


  = m a x  {   𝜔 2  q  ( e ) ,   𝜔 2  q  ( x ) }   e  2 𝜋 i m i n  {   𝛽  q  ( e ) ,   𝛽  q  ( x ) }


  = m a x  {   𝜔 2  q  ( e ) ,   𝜔 2  q  ( x ) }   e  2 𝜋 i m i n  {   𝛽  q  ( e ) ,   𝛽  q  ( x ) }


  =   𝜔 2  q  ( x )   e  2 𝜋 i   𝛽  q  ( x )


  =   K  q  ( x )


   ( a 2 )


   ( c 2 )


    K  q  ( x . y ) =   K  q  ( x .    (   y  − 1 )  − 1 )


  ≤ m a x  {   K  q  ( x ) ,   K  q  (   y  − 1 ) }


  ≤ m a x  {   K  q  ( x ) ,   K  q  ( y ) }


   ( b 2 )


   ( c 1 )


   ( c 2 )


   ( b 1 )


   ( b 2 )


  A


   ( X ,   . )


  A


  B


   ( X ,   . )


  A ∩ B


   ( X ,   . )


  A


  B


   ( X ,   . )


    J  A ∩ B  q  ( x .   y  − 1 ) =   𝜔  1 A ∩ B  q  ( x .   y  − 1 )   e  2 𝜋 i   𝛼  A ∩ B  q  ( x .   y  − 1 )


  = m i n  {      𝜔  1 A  q  ( x .   y  − 1 ) ,       𝜔  1 B  q  ( x .   y  − 1 ) }   e  2 𝜋 i m i n  {      𝛼  A  q  ( x .   y  − 1 )   ,   𝛼  B  q  ( x .   y  − 1 ) }


  ≥ m i n  { m i n  {   𝜔  1 A  q  ( x ) ,   𝜔  1 B  q  ( x ) } , m i n  {   𝜔  1 A  q  ( y ) ,   𝜔  1 B  q  ( y ) } }


    e  2 𝜋 i  { m i n  {   𝛼  A  q  ( x ) ,   𝛼  A  q  ( y ) } , m i n  {   𝛼  B  q  ( x ) ,   𝛼  B  q  ( y ) } }


  = m i n  {    m i n  {   𝜔  1 A ∩ B  q  ( x ) ,   𝜔  1 A ∩ B  q  ( x ) } ,   m i n  {   𝜔  1 A ∩ B  q  ( y ) ,   𝜔  1 A ∩ B  q  ( y ) } }


  = m i n  {   J  A ∩ B  q  ( x ) ,   J  A ∩ B  q  ( y ) }


  = m i n  {   J  A ∩ B  q  ( x ) ,   J  A ∩ B  q  ( y ) }


    K  A ∩ B  q  ( x .   y  − 1 ) =   𝜔  2 A ∩ B  q  ( x .   y  − 1 )   e  2 𝜋 i   𝛽  A ∩ B  q  ( x .   y  − 1 ) = m a x  {      𝜔  2 A  q  ( x .   y  − 1 ) ,       𝜔  2 B  q  ( x .   y  − 1 ) }   e  2 𝜋 i m i n  {      𝛽  A  q  ( x .   y  − 1 )   ,   𝛽  B  q  ( x .   y  − 1 ) } ≤ m i n  { m i n  {   𝜔  2 A  q  ( x ) ,   𝜔  2 B  q  ( x ) } , m i n  {   𝜔  2 A  q  ( y ) ,   𝜔  2 B  q  ( y ) } }


    e  2 𝜋 i  { m i n  {   𝛽  A  q  ( x ) ,   𝛽  A  q  ( y ) } , m i n  {   𝛽  A  q  ( x ) ,   𝛽  A  q  ( y ) } }


  = m i n  { m i n  {      𝜔  2 A ∩ B  q  ( x ) ,     𝜔  2 A ∩ B  q  ( x ) } , m i n  {      𝜔  2 A ∩ B  q  ( y )   ,   𝜔  2 A ∩ B  q  ( y ) } }


  = m i n  {   K  A ∩ B  q  ( x ) ,   K  A ∩ B  q  ( y ) }


  = m i n  {   K  A ∩ B  q  ( x ) ,   K  A ∩ B  q  ( y ) }


   ( X ,   . ) =  ( Z ,   + )


    A 1 = 3 Z


    A 2 = 2 Z


  Z


    A  j =  {   J    A  j =   𝜔  1   A  j   e  2 𝜋 i   𝛼    A  j  ( x ) ,   K    A  j =   𝜔  2   A  j   e  2 𝜋 i   𝛽    A  j  ( x )     } ; j = 1 , 2


    J    A 1  ( x ) =  {       0 . 4   e  2 𝜋 i  ( 0 . 5 ) ,  x ∈ 3 Z              0 . 0   e  2 𝜋 i  ( 0 . 0 ) ,  otherwise


    K    A 1  ( x ) =  {       0 . 0   e  2 𝜋 i  ( 0 . 0 ) ,  x ∈ 3 Z                0 . 5   e  2 𝜋 i  ( 0 . 5 ) ,  otherwise


    K    A 1  ( x ) =  {       0 . 0   e  2 𝜋 i  ( 0 . 0 ) ,  x ∈ 3 Z                0 . 5   e  2 𝜋 i  ( 0 . 5 ) ,  otherwise


    J    A 2  ( x ) =  {       0 . 04   e  2 𝜋 i  ( 0 . 1 ) ,  x ∈ 2 Z              0 . 0   e  2 𝜋 i  ( 0 . 0 ) ,  otherwise


    J    A 2  ( x ) =  {       0 . 04   e  2 𝜋 i  ( 0 . 1 ) ,  x ∈ 2 Z              0 . 0   e  2 𝜋 i  ( 0 . 0 ) ,  otherwise


    K    A 2  ( x ) =  {       0 . 3   e  2 𝜋 i  ( 0 . 2 ) ,  x ∈ 2 Z                0 . 4   e  2 𝜋 i  ( 0 . 3 ) ,  otherwise


    K    A 2  ( x ) =  {       0 . 3   e  2 𝜋 i  ( 0 . 2 ) ,  x ∈ 2 Z                0 . 4   e  2 𝜋 i  ( 0 . 3 ) ,  otherwise


  A =   A 1 ∪   A 2


    J  A  ( x ) =  {       0 . 4   e  2 𝜋 i  ( 0 . 5 ) ;  x ∈ 3 Z                      0 . 4   e  2 𝜋 i  ( 0 . 1 ) ;  x ∈ 2 z − 3 Z                0 . 0   e  2 𝜋 i  ( 0 . 0 ) ;  otherwise


    K  A  ( x ) =  {       0 . 0   e  2 𝜋 i  ( 0 . 0 ) ;  x ∈ 3 Z                          0 . 03   e  2 𝜋 i  ( 0 . 2 ) ;  x ∈ 2 z − 3 Z                0 . 4   e  2 𝜋 i  ( 0 . 3 ) ;  otherwise


    K  A  ( x ) =  {       0 . 0   e  2 𝜋 i  ( 0 . 0 ) ;  x ∈ 3 Z                          0 . 03   e  2 𝜋 i  ( 0 . 2 ) ;  x ∈ 2 z − 3 Z                0 . 4   e  2 𝜋 i  ( 0 . 3 ) ;  otherwise


    x 1 = 9


    x 2 = − 2


    J  q  ( 9 +  ( − 2 ) ) =     J  q  ( 7 ) = 0 . 0   e  2 𝜋 i  ( 0 . 0 )


  m i n  {   J  q  ( 9 ) ,   J  q  ( − 2 ) } = m i n  {    ( 0 . 4 ) 2   e  2 𝜋 i    ( 0 . 5 ) 2 ,    ( 0 . 04 ) 2   e  2 𝜋 i    ( 0 . 1 ) 2 }


  = m i n  { 0 . 16 ,   0 . 0016 }   e  2 𝜋 i m i n  { 0 . 25 , 0 . 01 }


  = m i n  { 0 . 16 ,   0 . 0016 }   e  2 𝜋 i m i n  { 0 . 25 , 0 . 01 }


  = 0 . 0016   e  2 𝜋 i  ( 0 . 01 )


  = 0 . 0016   e  2 𝜋 i  ( 0 . 01 )


  0 . 0   e  2 𝜋 i  ( 0 . 0 ) ≯ 0 . 0016   e  2 𝜋 i  ( 0 . 01 )


    J  q  ( 9 +  ( − 2 ) ) ≯ m i n  {   J  q  ( 9 ) ,   J  q  ( − 2 ) }


    K  q  ( 9 +  ( − 2 ) ) ≰ m a x  {   K  q  ( 9 ) ,   K  q  ( − 2 ) }


  0 . 16   e  2 𝜋 i  ( 0 . 09 ) ≰ 0 . 09   e  2 𝜋 i  ( 0 . 04 )


  A =   A 1 ∪   A 2


   ( Z ,   + )


  A =  { J =   𝜔 1   e  2 𝜋 i 𝛼 , K =   𝜔 2   e  2 𝜋 i 𝛽   }


   ( X ,   . )


    J  q  ( x . x . x … x ) =   𝜔 1  q  ( x . x . x … x )   e  2 𝜋 i   𝛼  q  ( x . x . x … x ) ≥   𝜔 1  q  ( x )   e  2 𝜋 i   𝛼  q  ( x ) =   J  q  ( x )


    𝜔 1  q  ( x . x . x … x ) ≥   𝜔 1  q  ( x )


    𝛼  q  ( x . x . x … x ) ≥   𝛼  q  ( x )


    K  q  ( x . x . x … x ) =   𝜔 2  q  ( x . x . x … x )   e  2 𝜋 i   𝛽  q  ( x . x . x … x )


  ≤   𝜔 2  q  ( x )   e  2 𝜋 i   𝛽  q  ( x )


  =   K  q  ( x )


    𝜔 2  q  ( x . x . x … x ) ≤   𝜔 2  q  ( x )


    𝛽  q  ( x . x . x … x ) ≤   𝛽  q  ( x )


    𝜔 1  q  ( x . x )   e  2 𝜋 i   𝛼  q  ( x . x ) ≥   𝜔 1  q  ( x )   e  2 𝜋 i   𝛼  q  ( x )


    𝜔 1  q  ( x . x ) ≥   𝜔 1  q  ( x )


    𝛼  q  ( x . x ) ≥   𝛼  q  ( x )


    𝜔 2  q  ( x . x )   e  2 𝜋 i   𝛽  q  ( x . x ) ≤   𝜔 2  q  ( x )   e  2 𝜋 i   𝛽  q  ( x )


    𝜔 2  q  ( x . x ) ≤   𝜔 2  q  ( x )


    𝛽  q  ( x . x ) ≤   𝛽  q  ( x )


  A =  { J =   𝜔 1   e  2 𝜋 i 𝛼 , K =   𝜔 2   e  2 𝜋 i 𝛽   }


   ( X ,   . )


  S =  { x ∈ X /   𝜔 1  q  ( e )   e  2 𝜋 i   𝛼  q  ( e ) =   𝜔 1  q  ( x )   e  2 𝜋 i   𝛼  q  ( x ) and     𝜔 2  q  ( e )   e  2 𝜋 i   𝛽  q  ( e ) =   𝜔 2  q  ( x )   e  2 𝜋 i   𝛽  q  ( x ) }


  X


  e


  e ∈ S


  S


  x .   y  − 1 ∈ S


  x , y ∈ S


  x , y ∈ S


  A


  X


    𝜔 1  q  ( x .   y  − 1 )   e  2 𝜋 i   𝛼  q  ( x .   y  − 1 ) ≥ m i n  {   𝜔 1  q  ( x )   e  2 𝜋 i   𝛼  q  ( x ) ,   𝜔 1  q  ( y )   e  2 𝜋 i   𝛼  q  ( y ) }


  =   𝜔 1  q  ( e )   e  2 𝜋 i   𝛼  q  ( e )


  S


  x .   y  − 1 ∈ A


    𝜔 1  q  ( e )   e  2 𝜋 i   𝛼  q  ( e ) ≥   𝜔 1  q  ( x .   y  − 1 )   e  2 𝜋 i   𝛼  q  ( x .   y  − 1 )


    𝜔 1  q  ( e )   e  2 𝜋 i   𝛼  q  ( e ) =   𝜔 1  q  ( x .   y  − 1 )   e  2 𝜋 i   𝛼  q  ( x .   y  − 1 )


    𝜔 2  q  ( e )   e  2 𝜋 i   𝛽  q  ( e ) =   𝜔 2  q  ( x .   y  − 1 )   e  2 𝜋 i   𝛽  q  ( x .   y  − 1 )


  x .   y  − 1 ∈ S


  S


  X


  A =  ( J =   𝜔 1   e  2 𝜋 i 𝛼 , K =   𝜔 2   e  2 𝜋 i 𝛽 )


   ( X ,   . )


  a ∈ X


  A


  a A =  { a J =   a 𝜔 1   e  2 𝜋 i 𝛼 a , K =   a 𝜔 2   e  2 𝜋 i 𝛽 a   } ,


     ( a J )  q  ( x ) =   a 𝜔 1  q  ( x )   e  2 𝜋 i   𝛼  q a  ( x )


  =   𝜔 1  q  (   a  − 1 x )   e  2 𝜋 i   𝛼  q  (   a  − 1 x )


  =   J  q  (   a  − 1 x )


     ( a K )  q  ( x ) =   a 𝜔 2  q  ( x )   e  2 𝜋 i   𝛽  q a  ( x )


  =   𝜔 2  q  (   a  − 1 x )   e  2 𝜋 i   𝛽  q  (   a  − 1 x )


  =   K  q  (   a  − 1 x )


  A


  A a =  ( J a ,   K a )


     ( J a )  q  ( x ) =   J  q  ( x .   a  − 1 )


     ( K a )  q  ( x ) =   K  q  ( x .   a  − 1 )


  A =  ( J  ( x ) =   𝜔 1  ( x )   e  2 𝜋 i 𝛼  ( x ) , K  ( x ) =   𝜔 2  ( x )   e  2 𝜋 i 𝛽  ( x ) )


  G


   ( X ,   . )


  A


   ( X ,   . )


  A


  X


  a A = A a


   ( X ,   . ) =  (   Z 5 ,    + 5 )


  A =  ( J  ( x ) =   𝜔 1  ( x )   e  2 𝜋 i 𝛼  ( x ) , K  ( x ) =   𝜔 2  ( x )   e  2 𝜋 i 𝛽  ( x ) )


  J  ( x ) =  {       0 . 8   e  2 𝜋 i  ( 0 . 5 ) ,  x = 0      0 . 7   e  2 𝜋 i  ( 0 . 6 ) ,  x = 1         0 . 7   e  2 𝜋 i  ( 0 . 8 ) ,  x = 2      0 . 2   e  2 𝜋 i  ( 0 . 5 ) ,  x = 3      0 . 9   e  2 𝜋 i  ( 0 . 8 ) ,  x = 4


  K  ( x ) =  {       0 . 1   e  2 𝜋 i  ( 0 . 3 ) ,  x = 0      0 . 6   e  2 𝜋 i  ( 0 . 5 ) ,  x = 1         0 . 5   e  2 𝜋 i  ( 0 . 4 ) ,  x = 2      0 . 5   e  2 𝜋 i  ( 0 . 7 ) ,  x = 3      0 . 3   e  2 𝜋 i  ( 0 . 3 ) ,  x = 4


  A


  X


  x = 1 ∈ X


  A


  1 A =  ( 1 J ,   1 K )


     ( 1 J )  q  ( x ) =   J  q  (  1  − 1     + 5   x ) =   𝜔 1  q  (  1  − 1     + 5   x )   e  2 𝜋 i   𝛼  q  (  1  − 1     + 5   x )


     ( 1 K )  q  ( x ) =   K  q  (  1  − 1     + 5   x ) =   𝜔 2  q  (  1  − 1     + 5   x )   e  2 𝜋 i   𝛽  q  (  1  − 1     + 5   x ) .


  A


  A 1 =  ( J 1 ,   K 1 )


     ( J 1 )  q  ( x ) =   J  q  ( x     + 5    1  − 1 ) =   𝜔 1  q  ( x     + 5    1  − 1 )   e  2 𝜋 i   𝛼  q  ( x     + 5    1  − 1 )


     ( K 1 )  q  ( x ) =   K  q  ( x     + 5    1  − 1 ) =   𝜔 2  q  ( x     + 5    1  − 1 )   e  2 𝜋 i   𝛽  q  ( x     + 5    1  − 1 ) .


  x = 0


     ( 1 J )  q  ( 0 ) =   J  q  (  1  − 1     + 5   0 )


  =   𝜔 1  q  (  1  − 1     + 5   0 )   e  2 𝜋 i   𝛼  q  (  1  − 1     + 5   0 )


  =   𝜔 1  q  (  1  − 1     + 5   0 )   e  2 𝜋 i   𝛼  q  (  1  − 1     + 5   0 )


  =   𝜔 1  q  ( 4     + 5   0 )   e  2 𝜋 i   𝛼  q  ( 4     + 5   0 )


  =   𝜔 1  q  ( 4     + 5   0 )   e  2 𝜋 i   𝛼  q  ( 4     + 5   0 )


  =   𝜔 1  q  ( 4 )   e  2 𝜋 i   𝛼  q  ( 4 )


  =   𝜔 1  q  ( 4 )   e  2 𝜋 i   𝛼  q  ( 4 )


  = 0 . 9   e  2 𝜋 i  ( 0 . 8 )


     ( 1 K )  q  ( 0 ) =   K  q  (  1  − 1     + 5   0 )


  =   𝜔 2  q  (  1  − 1     + 5   0 )   e  2 𝜋 i   𝛽  q  (  1  − 1     + 5   0 )


  =   𝜔 2  q  (  1  − 1     + 5   0 )   e  2 𝜋 i   𝛽  q  (  1  − 1     + 5   0 )


  =   𝜔 2  q  ( 4     + 5   0 )   e  2 𝜋 i   𝛽  q  ( 4     + 5   0 )


  =   𝜔 2  q  ( 4     + 5   0 )   e  2 𝜋 i   𝛽  q  ( 4     + 5   0 )


  =   𝜔 2  q  ( 4 )   e  2 𝜋 i   𝛽  q  ( 4 )


  =   𝜔 2  q  ( 4 )   e  2 𝜋 i   𝛽  q  ( 4 )


  = 0 . 3   e  2 𝜋 i  ( 0 . 3 )


  = 0 . 3   e  2 𝜋 i  ( 0 . 3 )


     ( J 1 )  q  ( 0 ) = 0 . 9   e  2 𝜋 i  ( 0 . 8 )


     ( K 1 )  q  ( 0 ) = 0 . 3   e  2 𝜋 i  ( 0 . 3 )


     ( 1 J )  q  ( 0 ) =    ( J 1 )  q  ( 0 )


     ( 1 K )  q  ( 0 ) =    ( K 1 )  q  ( 0 )


  x = 1 , 2 , 3 , 4


     ( 1 J )  q  ( x ) =    ( J 1 )  q  ( x )


     ( 1 K )  q  ( x ) =    ( K 1 )  q  ( x )


  1 . A = A . 1


  x A = A x


  x ∈ X


  A


   (   Z 5 ,    + 5 )


   ( X ,   . )


  A


  A


  X


     ( J )  q  ( x ) =   J  q  ( a . x .   a  − 1 )


     ( K )  q  ( x ) =   K  q  ( a . x .   a  − 1 )


  a , x ∈ X


    J  q  ( x ) =   𝜔 1  q  ( x )   e  2 𝜋 i   𝛼  q  ( x ) =   𝜔 1  q  ( x . e )   e  2 𝜋 i   𝛼  q  ( x . e ) =   𝜔 1  q  (  ( x . a ) .   a  − 1 )   e  2 𝜋 i   𝛼  q  (  ( x . a ) .   a  − 1 ) =   𝜔 1  q  (   a  − 1 .  ( x . a ) )   e  2 𝜋 i   𝛼  q  (   a  − 1 .  ( x . a ) ) =   J  q  (   a  − 1 .  ( x . a ) )


  A


  X


  a =    (   a  − 1 )  − 1


    J  q  ( x ) =   J  q  ( a . x .   a  − 1 )


    K  q  ( x ) =   K  q  ( a . x .   a  − 1 )


    J  q  ( a . x ) =   𝜔 1  q  ( a . x )   e  2 𝜋 i   𝛼  q  ( a . x )


  =   𝜔 1  q  ( a . x . e )   e  2 𝜋 i   𝛼  q  ( a . x . e )


  =   𝜔 1  q  ( a . x . e )   e  2 𝜋 i   𝛼  q  ( a . x . e )


  =   𝜔 1  q  ( a .  ( x . a ) .   a  − 1 )   e  2 𝜋 i   𝛼  q  ( a .  ( x . a ) .   a  − 1 )


  =   𝜔 1  q  ( a .  ( x . a ) .   a  − 1 )   e  2 𝜋 i   𝛼  q  ( a .  ( x . a ) .   a  − 1 )


  =   J  q  ( x . a )


    K  q  ( a . x ) =   K  q  ( x . a ) .


  A


  X


  A


   ( X ,   . )


  S =  { x ∈ X /   𝜔 1  q  ( e )   e  2 𝜋 i   𝛼  q  ( e ) =   𝜔 1  q  ( x )   e  2 𝜋 i   𝛼  q  ( x ) and     𝜔 2  q  ( e )   e  2 𝜋 i   𝛽  q  ( e ) =   𝜔 2  q  ( x )   e  2 𝜋 i   𝛽  q  ( x ) }


  X


  e


  X


  e ∈ X


  S


  X


    𝜔 1  q  ( e )   e  2 𝜋 i   𝛼  q  ( e ) =   𝜔 1  q  ( x .   y  − 1 )   e  2 𝜋 i   𝛼  q  ( x .   y  − 1 )  


    𝜔 2  q  ( e )   e  2 𝜋 i   𝛽  q  ( e ) =   𝜔 2  q  ( x .   y  − 1 )   e  2 𝜋 i   𝛽  q  ( x .   y  − 1 ) .


  A


  X


    𝜔 1  q  ( x .   a  − 1 )   e  2 𝜋 i   𝛼  q  ( x .   a  − 1 ) =   𝜔 1  q  (   a  − 1 . x )   e  2 𝜋 i   𝛼  q  (   a  − 1 . x )


    𝜔 2  q  ( x .   a  − 1 )   e  2 𝜋 i   𝛽  q  ( x .   a  − 1 ) =   𝜔 2  q  (   a  − 1 . x )   e  2 𝜋 i   𝛽  q  (   a  − 1 . x ) .


   (   a  − 1 . x ) ∈ S


  S


  X


  f : X → Y


  X


  Y


  A


  X


  B


  Y


  x ∈ X


  y ∈ Y


  f  ( A )  ( y ) =  {  ( y , f  (   J  A )  ( y ) ,   f  (   K  A )  ( y ) ) }


  A


  f  (   J  A  q ) =  {          sup  x ∈   f  − 1  ( y ) ⁡    J  A  q  ( x ) ,  f  ( x ) = y                                                0 ,  otherise


  f  (   J  A  q ) =  {          sup  x ∈   f  − 1  ( y ) ⁡    𝜔  1 A  q  ( x )   e  2 𝜋 i  (     s u p  x ∈   f  − 1  ( y ) ⁡    𝛼  A  q  ( x ) ) ,  f  ( x ) = y                                                                                                  0   e  2 𝜋 i 0 ,  otherise


  f  (   J  A  q ) =  {          sup  x ∈   f  − 1  ( y ) ⁡    𝜔  1 A  q  ( x )   e  2 𝜋 i  (     s u p  x ∈   f  − 1  ( y ) ⁡    𝛼  A  q  ( x ) ) ,  f  ( x ) = y                                                                                                  0   e  2 𝜋 i 0 ,  otherise


  f  (   K  A  q ) =  {          inf  x ∈   f  − 1  ( y ) ⁡    K  A  q  ( x ) ,  f  ( x ) = y                                                0 ,  otherise


  f  (   K  A  q ) =  {          inf  x ∈   f  − 1  ( y ) ⁡    K  A  q  ( x ) ,  f  ( x ) = y                                                0 ,  otherise


  f  (   K  A  q ) =  {          inf  x ∈   f  − 1  ( y ) ⁡    𝜔  2 A  q  ( x )   e  2 𝜋 i  (     s u p  x ∈   f  − 1  ( y ) ⁡    𝛽  A  q  ( x ) ) ,  f  ( x ) = y                                                                                                  1 ,  otherise


  f  (   K  A  q ) =  {          inf  x ∈   f  − 1  ( y ) ⁡    𝜔  2 A  q  ( x )   e  2 𝜋 i  (     s u p  x ∈   f  − 1  ( y ) ⁡    𝛽  A  q  ( x ) ) ,  f  ( x ) = y                                                                                                  1 ,  otherise


  B


    f  − 1  ( B )  ( x ) =  {  ( x ,   f  − 1  (   J  B )  ( x ) ,     f  − 1  (   K  B )  ( x ) ) }


    f  − 1  (   J  B  q )  ( x ) =    (   J  B )  q  ( f  ( x ) )


  =   𝜔  1 B  q  ( f  ( x ) )   e  2 𝜋 i   𝛼  B  q  ( f  ( x ) )


    f  − 1  (   K  B  q )  ( x ) =    (   K  B )  q  ( f  ( x ) )


  =   𝜔  2 B  q  ( f  ( x ) )   e  2 𝜋 i   𝛽  B  q  ( f  ( x ) )


  x ∈ X


  f : X → Y


  X


  Y


  A


  X


  B


  Y


  f  (   J  A  q )  ( y ) = f  (   𝜔  1 A  q )  ( y )   e  2 𝜋 i f  (   𝛼  A  q )  ( y )


  ∀ y ∈ Y


  f  (   K  A  q )  ( y ) = f  (   𝜔  2 A  q )  ( y )   e  2 𝜋 i f  (   𝛽  A  q )  ( y )


  ∀ y ∈ Y


    f  − 1  (   J  B  q )  ( x ) =   f  − 1  (   𝜔  1 B  q )  ( x )   e  2 𝜋 i   f  − 1  (   𝛼  B  q )  ( x )


  ∀ x ∈ X


    f  − 1  (   K  B  q )  ( x ) =   f  − 1  (   𝜔  2 B  q )  ( x )   e  2 𝜋 i   f  − 1  (   𝛽  B  q )  ( x )


  ∀ x ∈ X


  f  (   J  A  q )  ( y ) =  sup  x ∈   f  − 1  ( y )  {   J  A  q  ( x ) ; f  ( x ) = y }


  =  sup  x ∈   f  − 1  ( y )  {   𝜔  1 A  q  ( x )   e  2 𝜋 i   𝛼  A  q  ( x ) ; f  ( x ) = y }


  =  sup  x ∈   f  − 1  ( y )  {   𝜔  1 A  q  ( x )   e  2 𝜋 i   𝛼  A  q  ( x ) ; f  ( x ) = y }


  =  sup  x ∈   f  − 1  ( y )  {   𝜔  1 A  q  ( x ) }   e  2 𝜋 i  (     s u p  x ∈   f  − 1  ( y ) ⁡    𝛼  A  q  ( x ) )


  =  sup  x ∈   f  − 1  ( y )  {   𝜔  1 A  q  ( x ) }   e  2 𝜋 i  (     s u p  x ∈   f  − 1  ( y ) ⁡    𝛼  A  q  ( x ) )


  = f  (   𝜔  1 A  q )  ( y )   e  2 𝜋 i f  (   𝛼  A  q )  ( y )


  = f  (   𝜔  1 A  q )  ( y )   e  2 𝜋 i f  (   𝛼  A  q )  ( y )


  f  (   K  A  q )  ( y ) =  inf  x ∈   f  − 1  ( y )  {   K  A  q  ( x ) ; f  ( x ) = y }


  f  (   K  A  q )  ( y ) =  inf  x ∈   f  − 1  ( y )  {   K  A  q  ( x ) ; f  ( x ) = y }


  =  inf  x ∈   f  − 1  ( y )  {   𝜔  2 A  q  ( x )   e  2 𝜋 i   𝛽  A  q  ( x ) ; f  ( x ) = y }


  =  inf  x ∈   f  − 1  ( y )  {   𝜔  2 A  q  ( x )   e  2 𝜋 i   𝛽  A  q  ( x ) ; f  ( x ) = y }


  =  inf  x ∈   f  − 1  ( y )  {   𝜔  2 A  q  ( x ) }   e  2 𝜋 i  (     s u p  x ∈   f  − 1  ( y ) ⁡    𝛽  A  q  ( x ) )


  =  inf  x ∈   f  − 1  ( y )  {   𝜔  2 A  q  ( x ) }   e  2 𝜋 i  (     s u p  x ∈   f  − 1  ( y ) ⁡    𝛽  A  q  ( x ) )


  = f  (   𝜔  2 A  q )  ( y )   e  2 𝜋 i f  (   𝛽  A  q )  ( y )


  = f  (   𝜔  2 A  q )  ( y )   e  2 𝜋 i f  (   𝛽  A  q )  ( y )


    f  − 1  (   J  B  q )  ( x ) =    (   J  B )  q  ( f  ( x ) )


    f  − 1  (   J  B  q )  ( x ) =    (   J  B )  q  ( f  ( x ) )


  =   𝜔  1 B  q  ( f  ( x ) )   e  2 𝜋 i   𝛼  B  q  ( f  ( x ) )


  =   𝜔  1 B  q  ( f  ( x ) )   e  2 𝜋 i   𝛼  B  q  ( f  ( x ) )


  =   f  − 1  (   𝜔  1 B  q )  ( x )   e  2 𝜋 i   f  − 1  (   𝛼  B  q )  ( x )


  =   f  − 1  (   𝜔  1 B  q )  ( x )   e  2 𝜋 i   f  − 1  (   𝛼  B  q )  ( x )


    f  − 1  (   K  B  q )  ( x ) =    (   K  B )  q  ( f  ( x ) )


    f  − 1  (   K  B  q )  ( x ) =    (   K  B )  q  ( f  ( x ) )


  =   𝜔  2 B  q  ( f  ( x ) )   e  2 𝜋 i   𝛽  B  q  ( f  ( x ) )


  =   𝜔  2 B  q  ( f  ( x ) )   e  2 𝜋 i   𝛽  B  q  ( f  ( x ) )


  =   f  − 1  (   𝜔  2 B  q )  ( x )   e  2 𝜋 i   f  − 1  (   𝛽  B  q )  ( x )


  =   f  − 1  (   𝜔  2 B  q )  ( x )   e  2 𝜋 i   f  − 1  (   𝛽  B  q )  ( x )


   (   Z 5 ,    + 5 )


   ( Z ,   + )


   (   Z 5 ,    + 5 )


  f :


   ( Z ,   + ) →  (   Z 5 ,    + 5 )


  A =  { 1 ,   2 ,   7 ,   9 ,   13 ,   14 } ⊆ Z


  f  ( A ) =  ( x , f  (   J  A )  ( x ) , f  (   K  A )  ( x ) )


  1 . f  (   J  A  q )  ( y ) =  sup  x ∈   f  − 1  ( y )  {   J  A  q  ( x ) ; f  ( x ) = y  ( mod   5 ) }


  = sup  {   J  A  q  ( 1 ) ,   J  A  q  ( 2 ) ,   J  A  q  ( 7 ) ,   J  A  q  ( 9 ) ,   J  A  q  ( 13 ) ,   J  A  q  ( 14 ) }


  = sup  {   J  A  q  ( 1 ) ,   J  A  q  ( 2 ) ,   J  A  q  ( 7 ) ,   J  A  q  ( 9 ) ,   J  A  q  ( 13 ) ,   J  A  q  ( 14 ) }


  =   sup  {      𝜔  1 A  q  ( 1 )   e  2 𝜋 i   𝛼  A  q  ( 1 ) ,   𝜔  1 A  q  ( 2 )   e  2 𝜋 i   𝛼  A  q  ( 2 )   ,   𝜔  1 A  q  ( 7 )   e  2 𝜋 i   𝛼  A  q  ( 7 ) ,     𝜔  1 A  q  ( 9 )   e  2 𝜋 i   𝛼  A  q  ( 9 ) ,   𝜔  1 A  q  ( 13 )   e  2 𝜋 i   𝛼  A  q  ( 13 ) ,     𝜔  1 A  q  ( 14 )   e  2 𝜋 i   𝛼  A  q  ( 14 ) }


  = sup  {      𝜔  1 A  q  ( 1 ) ,     𝜔  1 A  q  ( 2 ) ,   … ,     𝜔  1 A  q  ( 14 ) }   e  2 𝜋 i sup  {      𝛼  A  q  ( 1 )   ,     𝛼  A  q  ( 2 ) , …   𝛼  A  q  ( 14 ) }


  = sup  {      𝜔  1 A  q  ( 1 ) ,     𝜔  1 A  q  ( 2 ) ,   … ,     𝜔  1 A  q  ( 14 ) }   e  2 𝜋 i sup  {      𝛼  A  q  ( 1 )   ,     𝛼  A  q  ( 2 ) , …   𝛼  A  q  ( 14 ) }


  = sup  { 0 . 49 ,   0 . 81 ,   0 . 04 }   e  2 𝜋 i sup  { 0 . 36 ,     0 . 64 ,     0 . 25 }


  = sup  { 0 . 49 ,   0 . 81 ,   0 . 04 }   e  2 𝜋 i sup  { 0 . 36 ,     0 . 64 ,     0 . 25 }


  = 0 . 81   e  2 𝜋 i 0 . 64


  = 0 . 81   e  2 𝜋 i 0 . 64


  2 . f  (   K  A  q )  ( y ) =  inf  x ∈   f  − 1  ( y )  {   K  A  q  ( x ) ; f  ( x ) = y  ( mod   5 ) }


  2 . f  (   K  A  q )  ( y ) =  inf  x ∈   f  − 1  ( y )  {   K  A  q  ( x ) ; f  ( x ) = y  ( mod   5 ) }


  = inf  {   K  A  q  ( 1 ) ,   K  A  q  ( 2 ) ,   K  A  q  ( 7 ) ,   K  A  q  ( 9 ) ,   K  A  q  ( 13 ) ,   K  A  q  ( 14 ) }


  = inf  {   K  A  q  ( 1 ) ,   K  A  q  ( 2 ) ,   K  A  q  ( 7 ) ,   K  A  q  ( 9 ) ,   K  A  q  ( 13 ) ,   K  A  q  ( 14 ) }


  =   inf  {      𝜔  2 A  q  ( 1 )   e  2 𝜋 i   𝛽  A  q  ( 1 ) ,   𝜔  2 A  q  ( 2 )   e  2 𝜋 i   𝛽  A  q  ( 2 )   ,   𝜔  2 A  q  ( 7 )   e  2 𝜋 i   𝛽  A  q  ( 7 ) ,     𝜔  2 A  q  ( 9 )   e  2 𝜋 i   𝛽  A  q  ( 9 ) ,   𝜔  2 A  q  ( 13 )   e  2 𝜋 i   𝛽  A  q  ( 13 ) ,     𝜔  2 A  q  ( 14 )   e  2 𝜋 i   𝛽  A  q  ( 14 ) }


  =   inf  {      𝜔  2 A  q  ( 1 )   e  2 𝜋 i   𝛽  A  q  ( 1 ) ,   𝜔  2 A  q  ( 2 )   e  2 𝜋 i   𝛽  A  q  ( 2 )   ,   𝜔  2 A  q  ( 7 )   e  2 𝜋 i   𝛽  A  q  ( 7 ) ,     𝜔  2 A  q  ( 9 )   e  2 𝜋 i   𝛽  A  q  ( 9 ) ,   𝜔  2 A  q  ( 13 )   e  2 𝜋 i   𝛽  A  q  ( 13 ) ,     𝜔  2 A  q  ( 14 )   e  2 𝜋 i   𝛽  A  q  ( 14 ) }


  = inf  {      𝜔  2 A  q  ( 1 ) ,     𝜔  2 A  q  ( 2 ) ,   … ,     𝜔  2 A  q  ( 14 ) }   e  2 𝜋 i inf  {      𝛽  A  q  ( 1 ) ,     𝛽  A  q  ( 2 ) , … ,     𝛽  A  q  ( 14 ) }


  = inf  {      𝜔  2 A  q  ( 1 ) ,     𝜔  2 A  q  ( 2 ) ,   … ,     𝜔  2 A  q  ( 14 ) }   e  2 𝜋 i inf  {      𝛽  A  q  ( 1 ) ,     𝛽  A  q  ( 2 ) , … ,     𝛽  A  q  ( 14 ) }


  = inf  { 0 . 36 ,   0 . 25 ,   0 . 09 }   e  2 𝜋 i inf  { 0 . 25 ,     0 . 16 ,     0 . 49 , 0 . 09 }


  = inf  { 0 . 36 ,   0 . 25 ,   0 . 09 }   e  2 𝜋 i inf  { 0 . 25 ,     0 . 16 ,     0 . 49 , 0 . 09 }


  = 0 . 09   e  2 𝜋 i 0 . 09


  = 0 . 09   e  2 𝜋 i 0 . 09


  f : X → Y


   ( X ,      ° 1 )


   ( Y ,      ° 2 )


  A


  X


  f  ( A )


  Y


  A


    T 1 =  {  ( x ,     𝜔  1 A  ( x ) ,   𝜔  2 A  ( x ) ) / x ∈ X ,   0 ≤   𝜔  1 A  q +   𝜔  2 A  q ≤ 1 }


    T 2 =  {  ( x ,     𝛼  A  ( x ) ,   𝛽  A  ( x ) ) / x ∈ X ,   0 ≤   𝛼  A  q +   𝛽  A  q ≤ 1 }


  f


     ( f  (   𝜔  1 A ) )  q  (   y 1    ° 2     y 2 ) = f  (   𝜔  1 A  q )  (   y 1    ° 2     y 2 )


  ≥ m i n  { f  (   𝜔  1 A  q )  (   y 1 ) ,   f  (   𝜔  1 A  q )  (   y 2 ) }


  =   m i n  { f    (   𝜔  1 A )  q  (   y 1 ) ,   f    (   𝜔  1 A )  q  (   y 2 ) }


  =   m i n  { f    (   𝜔  1 A )  q  (   y 1 ) ,   f    (   𝜔  1 A )  q  (   y 2 ) }


     ( f  (   𝜔  2 A ) )  q  (   y 1    ° 2     y 2 ) = f  (   𝜔  2 A  q )  (   y 1    ° 2     y 2 )


  ≤ m a x  { f  (   𝜔  2 A  q )  (   y 1 ) ,   f  (   𝜔  2 A  q )  (   y 2 ) }


  =   m a x  { f    (   𝜔  2 A )  q  (   y 1 ) ,   f    (   𝜔  2 A )  q  (   y 2 ) }


  =   m a x  { f    (   𝜔  2 A )  q  (   y 1 ) ,   f    (   𝜔  2 A )  q  (   y 2 ) }


     ( f  (   𝛼  A ) )  q  (   y 1    ° 2     y 2 ) = f  (   𝛼  A  q )  (   y 1    ° 2     y 2 )


  ≥ m i n  { f  (   𝛼  A  q )  (   y 1 ) ,   f  (   𝛼  A  q )  (   y 2 ) }


  = m i n  { f    (   𝛼  A )  q  (   y 1 ) ,   f    (   𝛼  A )  q  (   y 2 ) }


  = m i n  { f    (   𝛼  A )  q  (   y 1 ) ,   f    (   𝛼  A )  q  (   y 2 ) }


     ( f  (   𝛽  A ) )  q  (   y 1    ° 2     y 2 ) = f  (   𝛽  A  q )  (   y 1    ° 2     y 2 )


  ≤ m a x  { f  (   𝛽  A  q )  (   y 1 ) ,   f  (   𝛽  A  q )  (   y 2 ) }


  =   m a x  { f    (   𝛽  A )  q  (   y 1 ) ,   f    (   𝛽  A )  q  (   y 2 ) }


  =   m a x  { f    (   𝛽  A )  q  (   y 1 ) ,   f    (   𝛽  A )  q  (   y 2 ) }


     ( f  (   𝜔  1 A ) )  q  (   y  − 1 ) =   f  (   𝜔  1 A  q )  (   y  − 1 )


  =   f  (   𝜔  1 A  q )  ( y )


  =      ( f  (   𝜔  1 A ) )  q  ( y )


     ( f  (   𝜔  2 A ) )  q  (   y  − 1 ) =   f  (   𝜔  2 A  q )  (   y  − 1 )


  =   f  (   𝜔  2 A  q )  ( y )


  =      ( f  (   𝜔  2 A ) )  q  ( y )


     ( f  (   𝛼  A ) )  q  (   y  − 1 )       =   f  (   𝛼  A  q )  (   y  − 1 )


  =   f  (   𝛼  A  q )  ( y )


  =      ( f  (   𝛼  A ) )  q  ( y )


     ( f  (   𝛽  A ) )  q  (   y  − 1 )       =   f  (   𝛽  A  q )  (   y  − 1 )


  =   f  (   𝛽  A  q )  ( y )


  =      ( f  (   𝛽  A ) )  q  ( y )


     ( f  (   J  A ) )  q  (   y 1    ° 2     y 2 ) = f  (   J  A  q )  (   y 1    ° 2     y 2 )


  =   f  (   𝜔  1 A  q )  (   y 1    ° 2     y 2 )   e  2 𝜋 i f  (   𝛼  A  q )  (   y 1    ° 2     y 2 )


  ≥ m i n  {    f  (   𝜔  1 A  q )  (   y 1 )   e  2 𝜋 i f  (   𝛼  A  q )  (   y 1 ) ,   f  (   𝜔  1 A  q )  (   y 2 )   e  2 𝜋 i f  (   𝛼  A  q )  (   y 2 ) }


  ≥ m i n  {    f  (   𝜔  1 A  q )  (   y 1 )   e  2 𝜋 i f  (   𝛼  A  q )  (   y 1 ) ,   f  (   𝜔  1 A  q )  (   y 2 )   e  2 𝜋 i f  (   𝛼  A  q )  (   y 2 ) }


  = m i n  { f  (   J  A  q )  (   y 1 ) ,   f  (   J  A  q )  (   y 2 ) }


  = m i n  { f  (   J  A  q )  (   y 1 ) ,   f  (   J  A  q )  (   y 2 ) }


  = m i n  {    ( f  (   J  A ) )  q  (   y 1 ) ,      ( f  (   J  A ) )  q  (   y 2 ) }


  = m i n  {    ( f  (   J  A ) )  q  (   y 1 ) ,      ( f  (   J  A ) )  q  (   y 2 ) }


     ( f  (   K  A ) )  q  (   y 1    ° 2     y 2 ) = f  (   K  A  q )  (   y 1    ° 2     y 2 )


  =   f  (   𝜔  2 A  q )  (   y 1    ° 2     y 2 )   e  2 𝜋 i f  (   𝛽  A  q )  (   y 1    ° 2     y 2 )


  ≤ m a x  {    f  (   𝜔  2 A  q )  (   y 1 )   e  2 𝜋 i f  (   𝛽  A  q )  (   y 1 ) ,   f  (   𝜔  2 A  q )  (   y 2 )   e  2 𝜋 i f  (   𝛽  A  q )  (   y 2 ) }


  ≤ m a x  {    f  (   𝜔  2 A  q )  (   y 1 )   e  2 𝜋 i f  (   𝛽  A  q )  (   y 1 ) ,   f  (   𝜔  2 A  q )  (   y 2 )   e  2 𝜋 i f  (   𝛽  A  q )  (   y 2 ) }


  = m a x  { f  (   K  A  q )  (   y 1 ) ,   f  (   K  A  q )  (   y 2 ) }


  = m a x  {    ( f  (   K  A ) )  q  (   y 1 ) ,      ( f  (   K  A ) )  q  (   y 2 ) }


  = m a x  {    ( f  (   K  A ) )  q  (   y 1 ) ,      ( f  (   K  A ) )  q  (   y 2 ) }


     ( f  (   J  A ) )  q  (   y  − 1 ) = f  (   J  A  q )  (   y  − 1 )


  =   f  (   𝜔  1 A  q )  (   y  − 1 )   e  2 𝜋 i f  (   𝛼  A  q )  (   y  − 1 )


  =   f  (   𝜔  1 A  q )  ( y )   e  2 𝜋 i f  (   𝛼  A  q )  ( y )


  =   f  (   𝜔  1 A  q )  ( y )   e  2 𝜋 i f  (   𝛼  A  q )  ( y )


  = f  (   J  A  q )  ( y )


  = f  (   J  A  q )  ( y )


  =    ( f  (   J  A ) )  q  ( y )


  =    ( f  (   J  A ) )  q  ( y )


     ( f  (   K  A ) )  q  (   y  − 1 ) = f  (   K  A  q )  (   y  − 1 )


  =   f  (   𝜔  2 A  q )  (   y  − 1 )   e  2 𝜋 i f  (   𝛽  A  q )  (   y  − 1 )


  =   f  (   𝜔  2 A  q )  ( y )   e  2 𝜋 i f  (   𝛽  A  q )  ( y )


  = f  (   K  A  q )  ( y ) =    ( f  (   K  A ) )  q  ( y )


  f : X → Y


   ( X ,      ° 1 )


   ( Y ,      ° 2 )


  B


    Y


    f  − 1  ( B )


    X


  B


    Y


    T 1


    T 2


    f  − 1  (   J  B  q )  ( x    ° 1   y ) =    (   J  B )  q  ( f  ( x    ° 1   y ) )


  =   𝜔  1 B  q  ( f  ( x    ° 1   y ) )   e  2 𝜋 i   𝛼  B  q  ( f  ( x    ° 1   y ) )


  =   𝜔  1 B  q  ( f  ( x    ° 1   y ) )   e  2 𝜋 i   𝛼  B  q  ( f  ( x    ° 1   y ) )


  =   𝜔  1 B  q  ( f  ( y    ° 1   x ) )   e  2 𝜋 i   𝛼  B  q  ( f  ( y    ° 1   x ) )


  =   𝜔  1 B  q  ( f  ( y    ° 1   x ) )   e  2 𝜋 i   𝛼  B  q  ( f  ( y    ° 1   x ) )


  =     f  − 1  (   𝜔  1 B  q )  ( y    ° 1   x )   e  2 𝜋 i   f  − 1  (   𝛼  B  q )  ( f  ( y    ° 1   x ) )


  =     f  − 1  (   𝜔  1 B  q )  ( y    ° 1   x )   e  2 𝜋 i   f  − 1  (   𝛼  B  q )  ( f  ( y    ° 1   x ) )


  =    (   J  B )  q  ( f  ( y    ° 1   x ) ) =     f  − 1  (   J  B  q )  ( y    ° 1   x )


  =    (   J  B )  q  ( f  ( y    ° 1   x ) ) =     f  − 1  (   J  B  q )  ( y    ° 1   x )


    f  − 1  (   J  B  q )  ( x    ° 1   y ) =   f  − 1  (   J  B  q )  ( y    ° 1   x )


    f  − 1  (   K  B  q )  ( x    ° 1   y ) =   f  − 1  (   K  B  q )  ( y    ° 1   x )

