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ABSTRACT:

The operations such as union, intersection, complement are
extended to proposed (k, j)-picture sets. These operations play an
important role in developing the theoretical framework of  (k, j)-
picture set theory. The fundamental properties that exist in
classical set theory are also examined within this new setting. By
studying these properties, similarities and differences between
classical sets and (k, j)-picture sets can be identified. The behaviour
of these operations helps in understanding the structure of (k, j)-
picture sets more clearly. In particular, they lead to introduce the
topological structure on a family of (k, j)-picture sets. This
topology is defined over a non-empty universe X and helps to
study continuity and related concepts in the context of (k, j)-

picture set theory.

Keywords: (k,j)-picture sets, union, intersection, complement, (k,j)-
picture topology.

1.
Classical logic statements assigns a value of either
true or false; however, this binary framework is
inadequate for
encountered in real-world situations. To address
this limitation, Zadeh [14] introduced Fuzzy set
theory, where each element is characterized by a
membership degree in the interval [0,1]. Since
numerous
including Intuitionistic fuzzy sets [1], Soft sets [7],
Fuzzy soft sets [2], and Rough sets [9], along with in
other models such as Vague soft sets [13] and
Intuitionistic multi-fuzzy sets [8]. Furthermore,

Introduction

modelling

uncertainty

extensions have been proposed,

and refusal membership degrees in addition to
membership and non-membership. This enables
a more flexible representation of uncertainty in
situations involving multiple viewpoints, such as
decision-making and voting systems.
Consequently, PFS have been widely applied in
areas such as material

selection, pattern

recognition, and algebraic structures [6].
Moreover, beyond their practical relevance, fuzzy
and related set theories also play a significant role
theoretical ~studies, particularly in the
development of fuzzy topological spaces and

their generalizations.

Neutrosophic sets [12] provide a more general

framework for

handling

indeterminacy, and inconsistency.

Among these developments, Picture
fuzzy sets (PFS), introduced by Cuong [4], extend
Intuitionistic fuzzy sets by incorporating neutral

uncertainty,

2. Preliminaries

We begin by introducing some basic notions.
First, we recall the fundamental concepts of fuzzy
sets and Intuitionistic fuzzy sets. These will then
be compared with Picture fuzzy sets and Picture
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sets. In addition, Intuitionistic sets are also briefly
discussed.

Definition 2.1. [14] Let X be a non-empty
universal set. A fuzzy set M on X is an object
of the form: M = {(x, um (x)); x € X} where
um (x): X — [0, 1] is a function that assigns a
real number from the interval [0, 1] to each
element of X. The value um (x) shows the
grade of membership of x in M.

Definition 2.2. [1] An Intuitionistic fuzzy set
(IFS) M on a non-empty set X is an object
of the form M = {(x, um (X), vm (X)); x €
X)} where pn (x) € [0, 1] is called the degree
of membership of x in M, vu (x) € [0, 1] is
called the degree of non-membership of x in
M and we assume that pm (x) and vu (%)
satisfy the following condition Vx € X (um
() v = 1)

Definition 2.3. [3], Let X be a non-empty
universal set. We say that M & X is an
Intuitionistic set (IS) if M is of the form M
= (X, My, M), where M; and M; are the
subsets of X such that My N M, = @. The
sets M1 and M are interpreted as members

and non-members of M respectively.

Definition 2.4. [3], Let X be a non-empty
set, M = (X, My, Mz) and N = (X, Ny, N,)
be two Intuitionistic sets (IS) on X . Let J
be a non-empty index setand{M; :i € J }
be an arbitrary family of IS’s on X, where

each of its elements is of the form M; =
(X, MO, M®@) forany i €T .

Definition 2.5. [4] Let X be a non-empty
universe. A Picture fuzzy set (PFS) M on a
non-empty universe X is an object of the
form M= {(X, M (X), v (X), vm (X)): x €
X} where um (X) € [0, 1] is
called the grade of positive membership of
xin M, nu (x) € [0, 1] is called the degree of
neutral membership of x in M, vm (x) € [0, 1]
is called the degree of negative membership
of x € M. We assume that pm (X) + nu (X)
+ vm (X) = 1for any x € X . Then 1- (um (x)
+1Mm (X) + vum (X)) is called the degree of
refusal membership of x in M.

Definition 2.6. [5] Assume that X is a non-
empty universe. A Picture set on X is an
object of the form M = (X, Mi, Mz, Ms)
where Mi, M, and M; are the subsets of
X such that M; N M; = @. The
sets Mi, Mz, M3 and (M1 U Mz U Ms)e are
the sets of members, neutral members, non-
members and refusal members of M

respectively.

Note that in Neutrosophic crisp sets
we have stronger assumptions that M1 N Ma
— Q, M1 N M3 — (banszﬂM3: Q) [10,
11]. Hence, each neutrosophic crisp set can be
considered as a picture set but the converse of
this statement is not true.

Definition 2.7. [5] Let X be a non-empty
universe. A collection Ts of picture subsets
on X is called Picture topology on X if and
only if the following axioms are satisfied:

1. Xs, Ds € Ts.

2. Ts is closed under arbitrary picture

unions and finite picture intersections.

An ordered pair (X, Ts) is called Picture
topological space. Members of Ts are known
as picture open sets (PsOS ) in X . Their
picture complements are picture closed
sets (PsCS).

3. Operators on order (k) degree (j) Picture
sets

3.1 Union and intersection on order (k) and
degree (j) Picture sets

Let L, M and N be any three (k,j)-picture sets
that are associated with set valued functions Pj,
Pu and  Px respectively  so  that
L:<X:PL>,M:(X:PM> and N:(X:PN). Now the
following expressions hold for L. and M.

(LioM)NLNAM)=LinNAM)UMiNLNM;)
c@unL;
YUMIAM)=ZUD = & 3.1)
(LainM)N(T0Mj) =
(L1ﬂM1)f\Li \ (LMWMO(’\Mj
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g(L{\Lj
YWMiNM)=8ud = . (3.2)
The above two expressions (3.1) and (3.2)

motivate us to define &)y and &)U

on (k,j)-picture sets as given in the next
definition.

Definition 3.1.1:

() LeDUpM = (X:(LiUM;, LonM,, LN Ms,...
LkﬁMk»

(i) L&Dy M = (X:(LinM;, LaUM,, LsUMs, ...
LkUMk))

Definition 3.1.2: Let [1,kjNZ={1,2,3...k}be a
digital interval. If £:[1,k|NZ —2X and g: [1,kjNZ
—2X are set valued functions from the digital
interval [1,k]"Z to the subsets of X then fVg:
[1,k]jNZ—2X and tAg: [1LkjNZ—2X are
defined as  (fvg)(1) = f()ug(l),(f Vi) =
£l and(EAR)(1) = (1) Mg(l),

(£ Ag)() = £() Lg() fori=2,34,...k.
Proposition 3.1.3: Let L=(X:Py), M=(X:Py).

(i) LEDUpsM =(X:PrVPy ).

(i) L& N ps M=(X:PLAPw).

Proof: Let L=(X:P;), M=(X:Pyn) where Pi(1)
= L1, PL@ =L;iand Pm(l) =M s Pm(i) = M; for
i=2.3...k.

(PLVPM)(1) :PL(1)UPL\1(1):L1UM1 and
(PrLVPw) (@) =Pri)MPm()=LinM,. This proves (i).
(PL/\PM)(1) :PL(1)(WPL\1(1):L1(WM1 and
(PL/\PM) (1) :P]‘(i)UPM(i):LiUMi. This proves (11)
Proposition 3.1.4: If LMePS[X:(k,)] then
LE&UpMePS[X:(k,j)], LEYN M e PS[X:(k,j)],

Proof: Follows from (3.1), (3.2), Definition 3.1.1
and Proposition 3.1.3.

Lemma 3.1.5: Let LM,NePS[X:(k,j)] such that
L&icpN and M&cpN. Then

) L&EDUpM )y N.
(if) L&D M e, N.

Proof: Suppose LEIC,N and MEIC,N.

LEc,N  =Pr(1)cPx(1), Pr@=2Px(@) for
i=234.. .k (3.3)

MEIC, N =Py()cPr(l), Pu(@DP()  for
i=2,34.. .k (3.4)

Using (3.3) and (3.4) we have

Pr()WPu(1) <Pn(1), Pr)M Pu@)2Pn() for
1=2,3,4.. .k that implies

PVPy)(1) <Px(1), (PIVPW@H2Px(G)  for
i=234.. .k

Therefore L&DUpM ®kicy N.
Again using (3.3) and (3.4) we have

PL(D)MPm(1) <Pn(1), Pr@w Pum(@)2Pn() for
i=2,3,4.. .k that implies

PAPW()  CPx(l), (PLAPM@()2Px()  for
=234k
Thetefore L&, M &, N.

3.2 Complements of order (k) and Degree (j)
Picture sets

Let Pcr be a set function associated with ¢L.,
the complement of L. The complement ¢cL. of L
should be defined in such a way that

LoiNagl. = [l
(3.5)
L&D UpsgL=[X] ;)

(3.6)

Let M =clL..

L<k>j>nP5M = [g](k»i) <= LinM;y :Q, LUM; = X
for i=23,...k

(3.7

L(kJ)UPSM :m(k,j) < LiuM; =X and LinM; =
D for i=2,3,... k (3.8)

Therefore (3.5) and (3.6) hold < (3.7) and (3.8)
hold.

< LimM;y =, L4UM; = X) and (
LiuM; = X, LnM; = (%) ), fori=234,...k
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L= M1:X\L1, M, = X\L; for
=23,k

Therefore it is expected to choose M as the
complement of L we wish to take

M1:X\L1, Mj: X\Li and Mi:
X\Li for i#1 and j. (3.9)

Since M should be a (k,j)-picture set, what we
need is MiNM; = that is

X\L)NX\L) = & that
implies X\ (L1 Lj) = & so that iU 1 =X

The only property of the (k,j)-picture set is
LiNLi = sothat LcX\Li, LicX\L;. This
together with (3.9) we have LicX\L;, LicX\L,
, Mi=X\L;, Mj= X\L; Since M; and 1 are
both subsets of X\L; and also M; and L; are both
subsets of X\L; , the only choice to define the
complement of L is that My=L; and M= L1. Thus
we have following definition for the complement
of L.

Definition 3.2.1: Let Pg:{1,2,3,... k}—>2X be
defined as Pc(1) = PL(j), Per(j) = Pr(1) and

P (i) = X\PL() i#1,i#j. Then the complement of
L is defined as gL = (X: Pgy).

Proposition  3.2.2:
EPS[X:(k .

Proof: Let L= (X: Pr) be a (k,j)-picture set on
X. Then ¢L = (X: Per). Now Per(1) = Pi(j),

LePS[X:(k,j)]< cL

Pe(j) = PL(l) and Per(i) = X\Pr(i) where i#1 and
j so that Po(1)M Pa() = Pr()mPu(l) =C.
Therefore cL. = (X: Pcr) is a (k,.j)-picture on X.

Conversely, using if LePS[X:(k,)] then c¢L
ePS[X:(k,j]
= c(GL) ePS[X:(k,j)]
=ePS[X:(k,))]
4 Order (k) and Degree (j) Picture Topology

Definition 4.1: Let X be a non empty universe.
Let j, k be any two integers such that 2 < j < k.
A collection P of (k,j)-picture sets on X is said to

be a (k,j)-picture Topology on X if the following
axioms hold.

@ [Dlaye P, X]w)eP,
(i) L &)Nps MeP whenever {L, M} c P,

(i) S Ups{M:a€Q, where Q is a index set} € P

for every arbitrary collection
{MqePS[X:(k,)l,oeQ}c P

If P is a (k)j)-Picture topology on X, the
ordered pair (X, P) is a (k,j)-Picture Topological
space on X and members of P are known as (k,j)-
picture open sets in (X, P). The (k,j)-complement
of a (k,j)-picture open set s (k,j)-picture closed set
in (X, P). The family all (k,j)-picture closed set
in X, P) is denoted by ¢P. Therefore if M is a
(k,j)-picture open setin (X, P) then cM is (k,j)-
pictute closed set in (X,P) and belongs to ¢P.
Proposition 4.2: Let (X, P) be a (k,j)-Picture
Topological space then the following three
conditions holds for closed sets.

@ [DlayecP , Xy €cP,
(ii) If M, N € ¢P then M &)U, NecP,

(i) If {M,ePS[X: (kjl:aeQlc cP then
EDNps{Mu:aeQ} egP

Proof: we see that [@] k) =G X] (k,j)EQ.‘P and
[}(_I(lﬂi) = g[@] (k,i>€€? . This proves (1)
Now let M, N € ¢P. Then cMe P and cNeP.

By using Definition 4.1(ii) we have ¢M &)1, cN
E?, then gM <k’i)nps QN = g(M (k’DUpsN)

that implies M &)U, NecP. This proves (ii).

Now let {MqePS[X:(k,):acQ}ccP. This
implies {cMyePS[X:(kj)]:0eQ}c P.

Therefore by using Definition 4.1(iii), we have
&)U ps{cMa:aeQ} € P that implies,

G (®&DNps{Meu:ae Q= EIUp {cMuaeQ} e P so
that &) {M:0eQ} ecP.

This proves (iii).
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Proposition 4.3: Q is a collection (k,j)-pictute
sets on X satisfying the following three
conditions then ¢@ = {cM: M € Q} isa (k,j)-
Picture Topology on X.

O Ll 9, [X] € Q,
(i) If M, N € @ then M&U, Ne@,

(i) If {MeePS[X:(kjoeQlc Q then
ENps{Ma:aeQ} e Q.

Proof: Analogous to Proposition 4.2.

Remark 4.4: A (k,j)-picture set M is (k,j)-picture
closed set in (X, P) iff the (k,j)-picture
complement of M is (k,j)-picture open set in (X,
P).

Definition 4.5: Let P and R be any two (k,))-
Picture Topologies on X. If P < R then P is
(k,j)-coarser than Rand Ris (k,j)-finer than P.
If P is neither (k,j)- coarser than R nor (k,j)-finer
than R then P and R are said to be not

comparable.

Examples 4.6: Let X be non empty universe.
Then { [Dloy » [Xlay} and PS[X:(k,jare
respectively the (k,j)-coarset and  (k,j)-finest
Picture Topologies in the family of all (k,j)-
Picture Topologies on X. These topologies are
respectively called the (kj)-indiscrete picture
topology and the (k,j)-discrete picture topology
on X.
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